CONJUGATE LINE CONGRUENCES CONTAINED IN A BUNDLE 


OF QUADRIC SURFACES* 
VIRGIL SNYDER 
Introduction. 


The cubie complex defined by the generators of both systems in a bundle of 
quadric surfaces has been investigated by MONTESANO,} and his methods em- 
ployed by Fanoft to determine a certain congruence of order three. A method, 
similar in part, had been previously found by STAHL, § in connection with con- 
gruences of the second order whose lines can be arranged on a system of quadric 
surfaces. 

The questions discussed in these papers suggest the more general one of con- 
jugate congruences,|| that is, those in which the two systems of generators of 
oo' quadrics belonging to the bundle define two distinct congruences having the 
same focal surface. In the following paper I propose to derive such congru- 
ences and obtain a number of their properties. It will be seen that the equa- 
tions of such congruences of every order and of genus ranging from zero to a 


definite function of the order can be expressed rationally in terms of the eight 


points common to all the quadrics of the bundle. The focal surface of each 
congruence remains invariant under a discontinuous birational transformation 
group of infinite order. 

The preceding memoirs are all synthetic in their treatment; the present dis- 
cussion is analytic, and the proofs of a few theorems already known will be 
given from a different point of view. Incidentally, extensive families of con- 
tact curves of a given quartic are obtained by algebraic methods. 

* Presented to the Society, April 30, 1910. 

+ Su di un complesso di rette di terzo grado, Memorie di Bologna, ser. 5, vol. 3 (1893), 
pp. 549-577. 

t Nuove ricerche sulle congruenze di rette del 3° ordine, Memorie di Torino, ser. 2, vol. 
51 (1901), pp. 1-79. 

3 Ueber Strahlensysteme zweiter Ordnung, Crelle’s Journal, vol. 95 (1883), pp. 297-316. 

|| The idea of conjugate congruences has been developed from a different point of view by 
BauLpus: Ueber Strahlensysteme, welche unendlich viele Regelflichen 2 Grades enthalten, Erlangen 
dissertation, 1910. The only case to which his method and my own both apply is that of con- 
grueuces of order two. 

Trans. Am. Math. Soc. 25 371 
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$1. The involution I. 


1. Let H,=9, H,= 9 be the equations of three quadric sur- 
faces, and let B.(i=1, ---,8) be the eight points common to them. The 


bundle of quadrics 
(1) 


defines a complex of order 3, the cone belonging to any point P being determined 
by the space quartic curve ¢, passing through P. This c, is the basis curve of 
the pencil of quadries of (1) determined by P. The lines of the complex = can 
be put into (1, 1) correspondence with the points of space. Given any point 
P=(é,,&,, &, &,), the line / joining P to B, will uniquely determine a quadric 
of = containing 7. A generator m’ of the other regulus passes through P. With 
P we may therefore associate the line m’ of the complex. Conversely, any line 
m’ of = will uniquely determine a quadric of the bundle. The quadric passes 
through B,, through which passes a line / of the regulus to which m’ does not 
belong. If 7 cuts m’ in P, we may associate m’ with the point P. When m’ 
describes the whole regulus /7 determined by it, P will describe the line 7; hence 
associated with every regulus is a line of the bundle B,. The tangent plane to 
H at B, contains / and a line /’ of the other regulus, so that there is associated 
with each quadric of = a pair of lines 7,7 in the bundle B,, each of which 
determines the other. These pairs determine a two-dimensional involution J. 

The quadrics of = are in (1, 1) correspondence with the pairs of lines of 
the involution I in the bundle B,. 

2. Moreover, the quadrics of = are in (1, 1) correspondence with the points 
of the A-plane. The pencil of quadrics in > passing through the point P = ( &) 
corresponds to the straight line 


(&) +r, H,(&) + = 0. 


The basis c, of the pencil of quadrics passes through B,, hence the lines 7, /’ 
corresponding to quadrics of this pencil will describe a cubic cone A, passing 
through the other basis points B,. ° 

To the «* straight lines of the \-plane correspond the 2* cubic cones con- 
taining the seven fixed lines l,, (k =2, ---,8). 

Any two lines in intersect in a point; two cones A, intersect in two lines 
which are conjugate in I; this pair of lines is the image of the given point. 

The relations between (A) and ( //,) are obtained by solving for A, : A,: A, the 
equations of a quadric // and its tangent plane at B,. Let B, =(7,,7,,,,7,), 
and write 7,7,—7,2%,=y,- The equation of the tangent plane becomes 
LA,v, = 0, and H is of the form 2A, V, + (2A,v,;)v, = 9, wherein v,, V, are 
certain homogeneous linear and quadratic functions respectively in y,, y,, y,, and 
v,= 0 defines a plane not passing through B,. Solving for A, we have 


| 
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(2) A,tA,2A, = —v, (eV, —v,V;). 


3. Any congruence contained in = can be defined by a relation among the X,, 
or by a curve f (A) in the A-plane. Corresponding to any line m of this con- 
gruence is a point 7, the locus of which is the image cone of the given curve 
J. It will be of order 8x and have each line /,, for an n-fold line. The order 
of the congruence will be 2 and the two systems of reguli will in general be 
contained in it. 


$2. Conjugate Congruences. 


4, It may happen that 7, 7’ describe two different cones. For this purpose it 
is necessary that K, , image of an irreducible 7 (2), breaks up into two cones 
which are transformed into each other by the involution J. Such particular 
curves cau be obtained by starting with the cone. Let 7 describe the cone 
K,(v) with vertex at B,. From the relations 


(3) 2VA,=0, 


the v, should be eliminated. The resultant in X is the equation of the required 
curve. If K, passes through B,, all the equations will be satisfied by its 
coordinates. If /,, is the multiplicity of the line joining B, to B,, then >/,, 
must be subtracted from the order of the resultant which is n + 2n. 

The image of a cone of order n passing 1, times through Bis a curve in 
the d-plane of order 3n — =l,,. The lines of the cone and the points of the 
curve are in (1, 1) correspondence. When 7 describes 4, /’ will describe 
another cone, birationally equivalent to it, and conjugate in the involution J. 
If the values of A, from (2) be substituted in the equation of the curve, A’, will 
be a factor. The other factor will give the equation of the other cone. 

But the relations between 7, 7’ can be determined directly. In the net of 
cubic cones =a, K;) a pencil is determined by one more basis line 7. The cones 
of this pencil now contain eight fixed basis lines, hence they contain a ninth 7”. 
If v, be the codrdinates of 7, the relations between r, r’ may be expressed by the 
equations 


BY (") 


4, 
When r describes a plane, r’ will describe a rational cone of order 8, having the 
seven lines 7,, for three-fold edges. The involution J represents a Cremona 
transformation -.of order 8. If 7 describes a plane pencil passing through B,, 
k’ is of order 5 and has each of the remaining lines /,, for double edge. If the 
plane passes through B,, B,, A’ is a quadric cone through the other five.** 
* This interesting transformation was first discussed by GEISER: Ueber zwei geometrische 


Probleme, Crelle’s Journal, vol. 67 (1867), pp. 78-95 ; it has been further considered by 
BERTINI: Ricerche sulle trasformazioni univoche involutorie nel piano, Annali di Mate- 
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From the method in which it is produced it is evident that the Jacobian -/, 
of the net, a sextic cone having each line /,, for double edge, is invariant in J 
in such a way that every line will go into itself. 

Every line in which A’(/) intersects J, must lie on A’’(/’) also. 

Since every line of J, goes into itself when operated upon by J, the corre- 
sponding quadric of = is a cone; J, is the projection from 2B, of the locus of 
the vertices of the cones contained in the bundle (1). Moreover, since the lines 
which A’, A’ have in common apart from those on J; occur in pairs, the image 
in the A-plane is a double point on the image f(2) and the quadric /7 belongs 
to both the congruences o, the locus of 7, and a’, the locus of /’. 

5. The two congruences o, o have the same focal surface ¢. Its order is 
twice the class of f(X). The points B, are all singular upon ¢, of an order 
half the order of the surface. The other isolated singular points are of order 
two; they are the vertices of the quadric cones belonging to the congruence and 
contained in =. Their number is the number of lines common to A and //, 
apart from the lines 7,,._ The focal surface also contains a cuspidal curve and a 
double curve, but the points of these are not singular points for either congruence. 


§ 3. Double X-Plane. 


6. A cone A whose points are the images of the lines of o is a singular cone 
of o’, and conversely. It was seen that a (1, 1) correspondence exists between 
the points of the A-plane and the quadries of the bundle 2. Now consider the 
A-plane as double, or two-sheeted, the same point defining the 7 or the 7’ gen- 
eration of the image quadric according as it is regarded as belonging to the first 
or second sheet. For values of \, corresponding to a cone of = the two systems 
1, l’ coincide, hence at each such point of the A-plane the two sheets must 
coincide. The values of \, that make the discriminant A,(2) of = vanish define 
the cones. This is a general non-singular quartic curve in the A-plane. When 
a locus f() crosses A(X) the two sheets cannot be distinguished from each 
other, hence a necessary condition that f() may define two conjugate con- 
gruences is that it shall touch A(2) at every point which they have in common. 

In case f(X) is rational, this is also sufficient, since rational curves are 
unipartite. In such cases d, can be expressed rationally in terms of a parameter 
t, which when substituted in = will define a family of quadries of the form 


=0. 


m=1 


matica, ser. 2, vol. 8 (1877), pp. 244-282. It has also received minor mention by CAPORALI 
in the Rendiconti di Napoli (1879), by DoEHLEMANN in Schlémilch’s Zeit- 
schrift, vol. 36 (1891), and by STEINMETZ inthe American Journal of Mathematics, 
vol. 14 (1891), pp. 39-66. 
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The necessary and sufficient condition that a relation of genus zero between 
the coefficients X, of the quadrics of a bundle may define two conjugate con- 
gruences is that the discriminant, expressed in terms of the parameter, shall 
be a square. 

For curves of genus greater than zero the condition is not sufficient on 
account of the existence of multipartite curves; one part may touch A() in 
one region and another in another. However, the elimination of v, from (3) 
will always define a contact curve of the proper kind. All the contact curves 
of A,(X) which belong to an odd characteristic can be obtained in this way.* 

7. The equation of the focal surface is obtained by expressing the condition 
that the line 2/7,A,=0 shall touch the curve f(’)=9. If in the result 
¢(H1,, H,, H,) =9 we think of //, as point codrdinates, every quadric of the 
congruence is represented by a tangent to the curve ¢, and the quartic curve 
along which the quadric touches the focal surface is the image of the point of 
contact. The residual points of intersection of the tangent and the curve have 
other quartic curves for images, hence : 

Every quadric of a congruence contained in a linear bundle of quadrics 
touches the focal surface along a quartic curve and cuts it in a residual curve 
composed of space quartics of the first kind, all passing through the eight basis 
points of the bundle. Each of these residual quartics is itself the curve of 
contact of some quadric of the congruence. 

Moreover, corresponding to every point of inflexion on (2) there is a cusp 
on $(//) and to every double tangent on f a double point on ¢. 

The focal surface has a cuspidal curve consisting of as many quartics as 
there are points of inflerion on f(X), and a double curve consisting of as 
many quartics as there are bitangents of f(r). 


$4. Problem of Projectivity. 

8. The points of a singular cone A with vertex at B, uniquely define a con- 
gruence ¢. The cone A’ is found from A’ by the involution 7, hence the con- 
jugate congruence a’ is also defined. But each point B, is the vertex of a singu- 
lar cone, and any one of these would be sufficient to define the same congruence. 
These cones are thus all birationally equivalent to the given cone, and each 
must satisfy the relations analogous to (2) and (8). The double points on ¢ 
which are the images of lines of J, do not need to be considered, for they are 
vertices of quadrie cones belonging to both o and a’. 

Any two bundles 2,, B, can be put into (1,1) correspondence. A line m; 
of B, determines a quadric Hof =. Since HW passes through B, there is just 
one line m, through /, lying on H and belonging to the same regulus as m,. 


*For the literature of contact curves of 4,(7) see the Encyklopidie der mathe- 
matischen Wissenschaften, III C5, §§ 60-62, 67, 74. 
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The quadrie /7 passes through the other basis points B,, ---, B,, through each 
of which passes one line belonging to the other regulus, hence : 

The six planes containing any line of the bundle B, and any six basis 
points respectively are projective with the six planes through the corresponding 
lines of the remaining bundle and the sume six basis points. 

Since the eighth basis-point is uniquely fixed when the other seven are known, 
the problem of finding m, when m, is given is reduced to the problem of pro- 
jectivity which, stated for the plane, is as follows: Given any five points A,, 
--+, A,, any other set of five points A;, ---, 45, and a point P, all in the same 
plane, to find a point J” such that the pencil PA; is projective with the pencil 
of five lines PA,. This problem has been completely solved.* 

The bundles B,, L, are equivalent under a Cremona transformation of order 
5, having the remaining basis points for fundamental elements of the second 
order ; to an arbitrary plane through B, corresponds a rational quintic cone with 
vertex at B, and having double edges passing through the other basis points. 
If the plane of B, passes through B,, the A, of 2, is composite, consisting of a 
quadrie cone through the other five edges and a cubic cone with a double edge 
passing through B, and passing once through each of the remaining basis points. 
If the pencil B, passes through B,, the A, of B, passes through B,. If 
the pencil B, passes through B, and B,, the proper image in ZB, is the plane 
BB, B,. Tt K, of B, has a double or cuspidal edge not passing through any 
other basis point, its image in B, will also have a double or cuspidal edge not 
passing through any other basis point, and similarly for its image in the invo- 
lution 7, The equations of this transformation can be obtained readily by three 
quadric inversions and two collineations, hence the complete system of singular 
cones of both o and o’ can be expressed analytically when any one such cone of 


either is given. 
§5. Infinite Birational Groups. 


9. The focal surface ¢ is invariant under the operation of interchanging the 
points of contact of every line of ¢. This transformation 7, is birational and 
is of order 2. The congruence o’ defines another birational transformation 7, 
of order 2. Except for particular cases arising from relations among the basis 
point B,, the operation 7; 7; is of infinite order.+ 

The equations of this transformation can be obtained directly by the same 
method as that previously employed in the case of rational conjugate congruences. 


*SrurM: Die Lehre von den geometrischen Verwandtschaften, vol. 1 (1908), pp. 352-358. See 
also SCHOENFLIES : Encyklopddie der math. Wissenschaften, III ABS, $16 (p. 442). 

T SNYDER: Infinile discontinuous groups of birational transformations which leave certain surfaces 
invariant, these Transactions, vol. 11 (1910), pp. 15-24. 

tT SNYDER: Surfaces invariant under infinite discontinuous birational groups defined by line con- 
gruences, American Journal of Mathematics, vol. 32 (1910), pp. 177-185. 
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The fundamental points are the eight basis points and the vertices of the quadric 
cones belonging to both congruences ; the fundamental curves are the curves of 
contact of these cones with the focal surface. 

Among the quadries of the congruence there are a finite number which touch 
the focal surface along two quartic curves. These double quadries may arise in 
two different ways, and have in consequence different relations between the two 
quartic curves of contact. 

If K(wv) has a double edge not passing through a basis point, f() will have 
a double point and ¢(/7) a corresponding double tangent. Let the images of 
the points of contact be c,,¢,. A line of o will cut c, in P,, P, and eut ¢; in 
P’, P;. Corresponding to one sheet of A’(v) the first pair of points are foci 
of the given line, and to the other sheet, the second pair. Similarly, ?, is focus 
for the o’ line passing through it, for the same sheet of A(v). 

Now suppose A’(v) intersects A’(v) in a pair of conjugate lines 7,7’ in J. 
These two lines belong to the same quadric //, define a double point on f(2), 
and a double tangent to (7). Every line of both reguli of 7 belongs to both 
congruences and Let c,,c’, be the quarties of contact, and P a point on ¢,. 
The lines m, m’ both touch @ at P. As lines of o, m has its foci on c,, but 
m’ onc’; as lines of o’, m has its foci on c,, and m’ on c,. Every rational con- 
gruence of order > 2 contained in > must have a double quadric of one or the 
other of these forms. For orders higher than 3 both forms may appear in the 
same congruence. 

The details of a few illustrative cases will now be discussed. 


§ 6. Images of Contact Curves. 


10. Let A, be a plane pencil with vertex at B, and passing through B,, B,. 
The image in 2 is a bitangent to A,(2), hence the congruence is of order 1. 
Since B.(k =4, 5, 6, T, 8) is also the vertex of a pencil passing through 
B,, B, it follows that the line B, B, belongs to the o congruence, and all the 
lines of o cut it. The pencil of quadrics in = which contains B, B, has for its 
remaining basis curve a space cubic passing through the other six basis points 
and cutting B,B, twice. The o congruence therefore consists of the common 
secants of B, B, and the associated cubic. 

The images of the 28 bitangents of A,(X) are the 28 lines B, B, and the 28 
associated cubics passing through the remaining basis points. 

11. If A, passes through B, but not B,, the » image is a conic touching 
A,(X) in four points. The congruence is of order 2 and ¢ is of order 4. 
This is the well-known congruence of order 2, class 6, which has a singular 
plane. The plane A, can pass through any of the 8-7/1-2 lines B, B,, and 
have o0' positions in each case; each defines a contact conic of A,(2), hence: 
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The set of 28 series of «' contact conics of A,() are images of (2,6) con- 
gruences having a singular plane. 

12. A K, with vertex at B, but not suineliies any other basis points will 
eut J, in six lines. The image A, in J will cut A, in these six lines and also 
in one pair 7, /’ conjugate in 7. The d-image is a nodal cubic touching A,() 
in six points. The congruence is rational, of order 3, class 9, and has one 
double quadric of the second kind. The focal surface is of order 8, has eight 
fourfold points and six double points. Its cuspidal curve is composed of three 
quartics passing through the eight fourfold points. The singular cones at the 
other basis points are rational A, having the lines joining all the others except 
B, for double edges. The conjugate congruence has B, for the vertex of a 
rational A, having triple edges passing through all the hee basis points, and 
a A, from each of the remaining basis points with a triple edge passing through 
B, and passing simply through the remaining six. The vertices of the six 
quadric cones all lie in the given X,. 

13. A X, through five basis points will define the (1, 3) congruence already 
discussed. In fact the singular cones through B, and B, are exactly of this 
type. 

A , through four basis points defines the well known (2, 6) congruence 
without a basis plane. 

The conjugate congruence is of the same form, hence : 

The set of 35 series of «' contact conics of A,(r) are images of (2,6) con- 
gruences having no singular plane. 

If A, has its vertex at ZB, and passes through B,, B,, B,, it will eut J, in 
13+ 2,, for double 
edges, and the remaining /7,, for triple edges. It will therefore cut A’, in one 


six lines apart from lines /;,.. The conjugate A’: will have /,,, / 


pair of lines 7, 7’, suai in J. The image in the 2d plane is a nodal eubie 

touching A,(A) in six points. The congruence is of order 3, class 9, has a 

double quadric of the second kind, and contains six quadric cones. The focal 


surface is of order 8 and has many properties in common with the preceding 
case, but the vertices of the quadric cones do not lie in a plane, and the con- 
figuration of the singular cones at the basis points is different. 

The points B,, B,, B, are vertices of cones of order 6, A, having the lines 
to the remaining two for triple edges and double edges passing through the four 
points B,, B,, B,, B,. Each passes simply through B 


gruence has each of these three points for vertex of a cubic cone having a double 


,- The conjugate con- 
edge, passing simply through those four basis points, but not through the two 
remaining ones of the triad. The given congruence has B,, B,, B,, B, as 
vertices of singular cones of order four; each has a double edge through B,, 
B,, 


not pass through B,. The conjugate congruence has each of the points B,, 


and passes simply through the remaining points of the tetrad, but does 
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B,, B,, B, for vertex of a quintic cone having the line to B, for triple edge: 
the remaining points of the tetrad are on double edges, and each cone passes 
simply through the triad B,, B,, B,. It is now easy to obtain congruences of 
orders 4, 5, 6 and having three, six, or ten double quadrices of the second kind 
as images of a quadric cone having two, one, or no lines /7,,.. No rational con- 
gruence of order higher than six can have a singular cone of order less than 
three. 

14. A KX, with six simple lines /,, will define a congruence of order 3 without 
a double quadric. If B, is the basis point not lying on A,( B,), then LB, is the 
vertex of a similar cone, passing through the same six basis points, which are 
vertices of A, each having lines joining the other five for double edges. The 
conjugate congruence has sextic cones at B, and B,, each having the line BL, B, 
for triple edge and each having double edges through the other six basis points. 
The points B,, ---, B, are vertices of ,’s having double edges passing through 
B, and B,, and passing simply through the other basis points. 

These two conjugate congruences are the only ones without double quadries 
that can be mapped upon elliptic cones. Since there are 28 pairs B, B, and 
each cone contains three undefined constants, these congruences are imaged in 
the A-plane by 28 series of o0* contact cubics of A,(A). The remaining 36 
series do not define conjugate congruences. If the original A’,,( 2, ) has a double 
edge not containing any other basis point, the resulting rational congruences 
will have a double quadric of the first kind. We have thus found six rational 
congruences of order 3 contained in =; these results are believed to be new.* 

15. Another interesting illustration is furnished by the A,( 2B, ) having double 
edges passing through all the other basis points. The singular cones at the 
other basis points are of the same kind, and the conjugate congruence has an 
exactly similar configuration. The image in 2 is a non-singular quartic curve 
touching A,(2) in eight points. The congruence is therefore of order four. 
The focal surface is of order 24, has eight twelve-fold points and eight double 
points ; it has a cuspidal curve of order 96 composed of 24 quartics of the 
jirst kind passing through the eight singular points, and. a nodal curve of 
order 112 composed of 28 quartics of the same bundle. As before, A, may 
have one or more double edges, giving rise to quartic congruences having one 
or more double quadries of the first kind. 

The two congruences of order 2, of genus zero, the two conjugate congruences 
of order 3, of genus one, and the self-conjugate congruence of order 4, of genus 
three, are the only possible conjugate congruences contained in = which do not 
have a double quadrie. 

Congruences which can be mapped birationally upon cones of given genus can 


* The elliptic congruences of order three were found by FANo (1. c.) ; he does not mention 
congruences having a double quadric. 
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be constructed, but the corresponding order is not less than the minimum order 
of a plane curve of that genus. 

16. Among the A,,( B,) having seven double edges through the other basis 
points are two exceptions, J, and the image of a general c, in the A-plane. The 
former corresponds to A,(A) itself and is defined as the congruence formed by 
the cones in =. From the preceding theorem we see that its focal surface is of 
order 24, has 24 cuspidal quartics and 28 double quartics, but from No. 10 the 
latter consists of 28 lines 7,, and the 28 associated cubics ; moreover, instead of 
having eight other double points, it has as double point every point of the sextic 
which is projected from B, by J,. The other exceptional type of A, is defined 
by quadratic relations among the cubics forming the net. Every such cubic is 
an adjoint of the sextic and every pencil of such cubies having one basis line of 
A, will, from the nature of its equation, have the other on A, also, that is, A, 
is hyperelliptic.* 

The c,(A) cuts A,(2) in eight points, but the vertices of the corresponding 
cones are not singular points on ¢,. If U, be linear functions of the /7/,, the 
equation has the form 

When the equation of a quartic surface can be written as a quadratic func- 
tion of three quadrics, the tangent cone of order 6 from each associated double 
point is either composite or hyperelliptic. 

This theorem is true for surfaces of any order defined by functions of U,, 
U,, U,. 

$7. Particular Positions of Basis Points. 


17. Let it be supposed that four basis points B,, B,, B,, B, lie in a plane 
m,, and the other four in another plane 7{. When P describes a plane pencil 
with vertex at B,, its image in the involution J will be a cone A; of order 7, 
with /,,, /,,, /,, for double edges, and the lines from £B, to the other basis points 
for triple lines. As the basis points appear unsymmetrically a singular cone of 
order and vertex at B, will be designated by A,(k; m,, +++), l, +++ indi- 
cating that the line joining B, to B, is an h-fold line, m, that B, B,, is a p-fold 
line, ete. Moreover, the involutions JZ will be different for different points. 
This difference will be indicated by subscripts. The result of operating with J, 
upon A’,(1) will be indicated by the symbol 


KA) 3 2, Bos 4,, 55; 65, 8,). 


The line 7,77; is now a part of the locus of vertices of quadric cones contained 
in the bundle =. The residual curve is a hyperelliptic quintic whose projecting 
cone from B, may be expressed by the symbol J,(1;2,, 3,, 4,, 5,, 6,, 7,, 8,). 


* SNYDER: On a special algebraic curve having a net of minimum adjoint curves, Bulletin 
American Mathematical Society, vol. 14 (1907), pp. 70-74. 
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The discriminant curve A,() has one double point, the coordinates of which 
define the planes 7,, 7; in >. 

The 16 double tangents of A,() are images of the lines B, B, (k = 1, 2, 
3,4; h=5,6,T7, 8) and the six tangents from the node are each the image 
of a pair of lines, one in 7,, one in 7,. The transformation 7’, defining the 
cone at B, when that at B, is given, is not changed from that of the general 
case when B., B, both lie in 7, or 7, but is of order 4 when they lie in different 


planes. Thus we may write 


K,(1) 7,,.K, (53255 855 45, 6,, 7,, 8,)- 


4 


The focal surface of the congruence of cones in = is now of order 20, contains 
18 cuspidal quartics of the first kind, six double planes, six pairs of intersecting 
double lines, 16 other double lines, 16 double space cubics, and a double quintie. 

The planes through B, and any basis point in 7; define the general (2, 5) 
congruences. The line of intersection of this plane and 7, does not pass 
through any other basis point, hence it is the image of a cone breaking up into 
7, and The cone consists of two plane pencils, one in 7,, the other in 7, , 
the vertices of each being on the line 7,7,. In the conjugate congruence the 
planes of these pencils are interchanged. 

The image conic in the A-plane touches A,(X) in three points and passes 
through the node. 

The singular cone A\(1; 2,) defines a particular form of the (2, 6) congru- 
ence having one singular plane. 

A general 4’,(1) defines a (3, 8) congruence, in which one cone breaks up 
into 7,,7,. The focal surface has one more double point and two more double 
planes than in the general case. The congruence contains one double quadric 
of the second kind. 

An interesting example is the (3, 7) congruence defined by the singular cone 
K,(1; 5,,6,, 7,). The complete configuration of singular cones of the two 
conjugate congruences is as follows: 


K,(1; 5,,6,.1,), K,(2; 

2,,3,, 4,, 5,, 6,, 7,, 8,), K,(2; 
K,(5; 1,, 2,5 3,5 4,, 6,, 
K,(5; 1,, 2,, 3,, 4,, 8,). 


Those at B,, B, can be obtained from those at B, by interchanging 2 and 3, 
2 and 4 respectively, and those at B,, B,, B, by making similar changes in 
those at B.. 

The congruences contain a double quadric of the second kind consisting of 


the two pencils in 7,, 7,. The image in the -plane consists of a cubie having 
a double point at the node of A,(2) and touching the latter in four points. 


4,,5,, 6,, 7,, 
5,, 6,, 
i 
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The cone X,(1; 4,, 5,, 6,) defines a (3, 8) congruence having five cones, 
one pair of planes, and a double quadric of the second kind. 

The cone K,(1; 3,, 4,, 5,) defines a (8, 9) congruence containing six cones 
of = and a double quadric of the second kind. 

The cubic cone X,(1; 3,, 4,, 5,, 6,, T,, 8,) defines a (3, 8) congruence having 
5 quadric cones of =. If A, is rational the congruence contains a double 
quadric of the first kind. 

The cone A,(1; 2,, 3,, 4,, 5,, 6,, 7,) defines a (3, 9) congruence as in the 
general case. 

The preceding eighteen forms are the only possible types of congruences in 
> of order less than 4. 

The non-hyperelliptic cone of order 6 having a double edge passing through 
each remaining basis point defines a (4, 12) congruence as in the general case. 
The conjugate congruence is of the same type. 

18. Let the basis points lie on two pairs of planes : 


7, = B,B,B,B,, = B,B,B,B,; 
B,B,B,B,, 7, = B,B,B,B,. 


The two lines 7, 77; and 7,7), and a space quartic of the first kind constitute the 
locus of the vertices of cones in =. The latter is projected from B, by the 
cone J,(1; 3,, 4,, 5,,6,, 7,, 8,). The involution J transforms a plane pencil 
into a cone of order 6 of the form 


K,(1)IK‘(1; 2,, 8,, 4, 5,, 6,5 8,)- 


All the operations 7;, transform plane pencils into quartic cones except when ik 
is one of the combinations 12, 34, 56, or 78. Thus we have 


A, (1)7), A, (2; 305 4,, 535 6., 8,); K,(1)7), 4, (3 2,5 4,, 8,)- 


Of the congruences of the second order, A\(1: 2,) defines a particular (2, 6); 
K,(1; 3,) defines a particular (2, 5), and A, (1; T,) a general (2, 4). 

Of the congruences of order 3, A’,(1) defines a (3, 7) having four cones of 
=, two pairs of planes, and a double quadric of the second kind. The cone 
K,(1; 6,, 7,, 8,) defines a (3, 7) congruence having a pair of planes for a 
double quadrie of the second kind. The image cubic curve in the A-plane has 
a double point at one node of A,() and passes simply through the other; it 
touches 4,(2) in three other points. 

19. The basis points may lie in three pairs of planes: 


BL B,B,B,, 7, = B,B,B,B.. 


3 


| 
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The locus of the vertices of cones in = now consists of the three lines 7,7), 
7,1 ,, 7,7,, and a space cubic, the latter being projected from B, by the cone 
J,(1; 4,,5,, 7,, 8,). The involution 7 transforms a plane pencil into a cone 
of order 5 of the form K,(1)ZA'(1; 2,, 3,, 4,, 5,, 6,, 7,, 8,). The trans- 
formations 7’, can be most easily determined from the details of the (3,6) con- 
gruence defined by A\(1). The singular cones of both this congruence and 
its conjugate at B, are given above; the others are as follows: 


K,(2; 3,, 4,, 5,, 6,, 7,, 8,), K,(8; 2,, 4,, 5,, 6,, 7,, 8,), 


K,(43 2,,3,, 5,, 6,, K,(6; 2,5 4,.5,, 7,5 8,); 

K,(53 2,, 8,5 4,,5,,8,); K,(8; 2,,8,,4,, 5,5 6,), 


315 
K,(T; 1,, 2,, 8,, 4,, 5,, 6,, 8,). 


The image of the congruence of cones is a trinodal quartic in the » plane. Its 
four proper bitangents are images of the congruences cutting the lines /,,, /,., 
1,,, and their associated space cubics. 

Of the congruences of order 2, A,(1; 7,) defines the general (2, 3) case. 
Its image in the A-plane is a conic passing through all three nodes of A,() and 
touching it once. The cone A\(1; 8,) defines a particular (2, 4) congruence, 
and A,(1; 2,) defines a particular (2,5). A (2,6) congruence cannot be 
contained in > in this case. 

Among the congruences of order 3, that of lowest class is the (3, 5) defined 
by K,(1; 5,, 7,, 8,). It contains four of the basis planes simply and the 
remaining pair doubly. The section of the focal surface made by the latter 
consists of two conic sections, each counted twice. The image in the A-plane is a 
cubic having a double-point at one of the double-points of A,(), passing simply 
through each of the remaining nodes, and touching A,(2) in two other points. 

As in the preceding cases, the non-hyperelliptic A,(1, 2,, ---, 8,) defines a 
(4, 12) congruence with a singular cone of order 6 at each basis point, and con- 
taining 8 quadric cones of >. 

20. The eight basis points may be arranged on four pairs of planes. In 
addition to the preceding pairs of planes 77,, 7, we may write 


w,= BBB, B,, w, = BBB, B,. 


4 


The locus of the vertices of cones now consists of the four lines 7,7, ete., and 


| 
| 
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of their two transversals. The latter project from B, into J,(1; 7,). The 
curve A,() consists of two conics passing through the images of the four lines 
aw,7,, ete. In the involution J, 


K,(1) 1K‘ (1; 2,,8,,4,,5,, 6,, 7,,8,), 


that is, in the Cremona transformation defined by the involution J, the image of 
a plane passing through P, is in this case a quartic cone having its vertex at 
3, containing _ as triple edge and passing sim rough the remaini 
B,, cont g B, B, as triple edge and g ly through the remaining 
basis points. 
. 
The only congruences of the second order that can exist in this case are a 
particular (2, 4) defined by A\(1; 2,) and the general (2, 2) defined by 
L ; 7,). In the latter all the basis-points are vertices of plane pencils, and 
£,(1; Tf, 
1e conjugate congruence has the same configuration of singular planes. Th 
tl jugat g has tl figurat f singular pl The 
image in the A-plane consists of a conic belonging to the pencil defined by the 
actors 0 , 1e focal surface is the general Kummer surface. 
fact fA (A The focal surf, the g 1] f 
congruences 1e third order, A,(1) defines a 5) having a doub 
Of cong of the third order, A, (1) defi 3,5)1 g a double 
quadrie of the second kind; the elliptic A,(1; 2,, 3,, 4,, 5,, 6,, 7,) defines a 
(3,7) without a double quadric, and A,(1; 2,, 3,, 4,, 5,, 6,, 8,) defines a 
particular form of (3,9). When the cone is rational the corresponding con- 
gruence acquires a double quadric of the first kind. 
As in the general case, the non-hyperelliptie A’,(1; 2,, ---, 8,) defines a 
(4, 12) congruence without any singular planes. 
21. The basis points may be arranged on five pairs of planes, the four pre- 
ceding, and 


7, = By, B,, B,, B,- 


The locus of the vertices of cones consists of the five lines 7,7, ete., and of one 
other line, the latter projecting from B, into J,(1:7,). The curve A,(d) 
consists of a conic and a pair of straight lines, each of the latter defining a 
pencil of quadric cones having common vertices. In the involution 7, the image 
of a plane through ZB, is a cubie cone having B, B, for double edge and passing 
simply through B,, B,, B,, B,. The symbol becomes 


K,(1)IK;(1: 8,,4,,5,,6,, 7,). 


There are three particular congruences of the second order, a (2, 4) defined by 
K,(1:2,), a (2,3) by A,(1:38,), and a (2,2) by A\(1:T). 

Besides the rational (8, 4) congruences defined by A,(1), the elliptic (3, 6) 
defined by A’,(1: 2,,3,,4,,5,,6,, 7,) is of interest. For the first time the con- 
jugate congruence of that defined by A,,(1; 2,, ---, 8,) is not directly expressed 
by substitution of the values of the coordinates. The lines /,,, 7,, are already 
three fold in the extraneous factors that divide out of A{(1: 2,, ---, 8,), hence 
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are neutral. But by substituting the codrdinates of these lines in A’,, both 
appear as double edges. 

22. The basis points may be arranged on six pairs of planes, the five preced- 
ing and also 


BB, B,B,, = BLB,B,B,. 


The locus of the vertices of cones consists of the six lines 7,7:, four of which 
meet in a point. The cones having this point for vertex contain four common 
edges each containing two basis points, hence form a pencil belonging to >. 
The curve A,(2) consists of the sides of a quadrilateral. The involution J is 
defined by the transformation 


K (1) (1:38,, 5,, 7,). 


The plane A, (1) defines a (3, 3) congruence having a double quadrie of the 
first kind. It contains no cones, but has six pairs of planes. The conjugate 
congruence is of the same type. Congruences of order 3 and class 2 are impos- 
sible when the basis points are distinct. Particular (2,2) and (2,3) forms 
as well as (3,4), k =3, ---, 6, can be obtained. The involution reduces to 
ordinary quadratic inversion. As in the preceding cases A,,(1;2,, ---, 8,) 
defines a congruence of type (4, 12), having a conjugate of the same kind. 
When the points are arranged on six pairs of planes, they may be assumed to 
be (+1,+1,+1,1). Theequation of the bundle of quadries is of the form 


( ) + Ay + A; 0, 
and A, (2) becomes 
A, A, As (A, +r, + As) =0. 


The equation of a line through B, = (1,1,1,1) are x, = 1 + p£,, from which, 
if it belongs to =,, 


E,) r,( — E,) A; (& — = 0, 
Ai — + — + — = 0. 


A congruence of the second order is defined by A\(1; 2,), wherein 
B,=(1,—1,1,1). This cone requires relations of the form 


A(E,— = BE, + E)= C(é, — §,) 


among the £.. The &-eliminant of these equations is the equation of the A-curve, 


image of the congruence ; it is the conic 
(cA, + + A,(c7A, + A?A,) = 0, 


which passes through the vertices (0,1,0),(0,-—1,1),(1, —1, 0) of the 
quadrilateral and touches the line A, = 0 at(4,0,—c). The(2,3 ) congru- 
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ence contains one cone of > besides four singular cones whose vertices are at the 
basis points, and three pairs of planes besides the four singular pencils at four 
basis points. The conjugate is of the same form. 

23. Instead of a finite number of basis points, the bundle = may have a basis 
curve. There are four general forms. 


(1) When /77,, H,, H, can be written in the form 
U,V, — = 9, uw, —Uu,w, = 9, v,w,—v,w, = 9, 


wherein u,, v,, w,; ave linear in the variables x,, the bundle has a space cubic for 
basis curve. 
(2) The equation 
(A, + A; (2,2, — 0 


defines a bundle of quadrics having the conics x, = 0, x,”, — x} = 0 for basis 
curve and the two basis points vu, = 0, u, = 0, a#,7,-—a# =0. 
(3) The equation 
an, + Bx, x, + + 0, 


in which a, 8, y, 6 are linear homogeneous functions of A,, A,, A,, defines a 
bundle having the two basis lines x, = 0, 7, = 0, and x,=0,2,=0. 


(4) The bundle defined by 
L,U,— = 9, = 90 


has the line x, = 0, wu, = 0 for basis curve. It has four basis points not lying 
on the line. 

Any two quadrics contained in one of these forms (1), ---, (4) will intersect 
in the basis curve and a residual curve of order 1, 2, 2, or 3. In the first and 
third cases the residual intersection consists of one or of two generators. In 
the fourth case only will the residual intersection be a curve which is cut by 
every generator of one system in more than one point. On the focal surface of 
any congruence contained within the bundle the points of contact with a line of 
the congruence lie upon the complete intersection of two quadrics of the bundle. 
In the first two cases the lines are not proper bitangents; in the third the focal 
surface is a ruled surface contained within a linear congruence, while in the 
fourth the points of contact of lines of one congruence lie upon a bundle of 
space cubics of which they are bisecants. The operation of interchanging these 
points of contact is a birational transformation of order two. In case (3) it is 
simply an axial involution, hence case (4) will be the only one to be considered 
as defining a non-linear transformation. 

24. The two systems of generators are rationally separable, hence the cubic 
complex is composite. One system may be written in the form 


co, 
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and the other becomes 
A, +A + A,U, 
A, + A, x, A; 
thus it is seen that = consists of a quadratic and of a special linear complex, the 
axis of the latter being the basis line vu, = 0, 7, = 0. 
The four distinct basis-points are the vertices of the invariant tetrahedron of 
the collineation defined by 
= pu; 
A congruence of order n is defined by a relation of the form 7, (A,, A,, A,) = 0. 
As before, if v is the class of f, the order of the focal surface will be 2v ; 


the line uw, = 0, x, = 0 is an v-fold line upon the surface, and each of the dis- 


tinct basis points is also v-fold upon it. Upon the focal surface there is more- 
over a cuspidal curve composed of as many space cubies as f (2) has points of 
inflexion. 

One or more of the quadrie cones contained in o may break up into a pair of 
planes; one plane must contain the basis line and pass through one basis point, 
and the other contains the three remaining basis points, hence the maximum 
number of such degenerate cones is four. 

The equation 

A, U, + + = OU, 
defines a pencil of planes through every tangent line to the curve f(A) in 
u,=90. The equation 

defines a similar pencil through the tangents to the curve f(A) in #, = 0. 
From the equations «, = pu, these two systems are projective and the congru- 
ence is defined as the locus of intersection of corresponding planes. The 
complex o is thus a tetrahedral complex. 


CORNELL UNIVERSITY, 
March, 1910. 
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ON THE FUNDAMENTAL NUMBER OF THE ALGEBRAIC 


NUMBER-FIELD k( 
BY 
JACOB WESTLUND 


Introduction. 


The object of the present paper is the determination of an integral basis and ! 
the fundamental number of the algebraic number-field k( jm ) generated by the 
real pth root of m, where m is a positive integer greater than unity which is 
not divisible by the pth power of an integer, and where p is any odd prime. 
The case p =3 has already been discussed by DepEKIND.* The conjugate 
values of being pj/m, ---, where p= e"'”, the number- 
fields k(pj/m), ---, k(p?-'4/m) are all different from k(4/m). 

In order to obtain all possible number-fields of this type we let m run through 
all positive integers which are not divisible by the pth power of a prime. But 
the fields generated in this way are not all distinct. For any positive integer H 
m which is not divisible by the pth power of a prime may be expressed in one 
way only in the form 


where a, @,--++a,_, is not divisible by the square of a prime. If we then set 


— aiigitqi3... 
air 


where i, = si (mod p) and 0<i,<p for s=1, 2, 3, ---, p—1, it is 
evident that 2,, a,, ---, a, are algebraic integers in k(a,), and hence 
k(a,), k(a,), k(a,_,) are identical, while £(a,) is a primitive field. 


1. Rational basis. 
As a rational basis of k(a,) we may take either 


1, Bs az, 
or 
*Uber die Anzahl der Idealklassen in reinen kubischen Zahikérpern, Journal fiir die reine 
und angewandte Mathematik, vol. 121 (1899). 
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Denote the discriminants of these bases by D, and D,, respectively. We have 


1 a, 1 1 t 
1 a 
he P2, aw 
1 p?-' 4, ceo p 1 2 
Hence * 


In a similar way we obtain 


If A be the fundamental number of k(a,), we must have D, = n*?A where n isa 
rational integer. Hence 


where d is a rational integer, and this shows that A contains the factor p. 


2. Ideal Prime Factors of p and m. 


Let ¢ be a prime factor of m and Q an ideal prime factor of g. Then since 
a” = q'r, where r is prime to g and 0 <i <,, it follows that a, is divisible by 
@Q. Suppose that (’ is the highest power of Q contained in g. Then a must 
be divisible by and si=O0(modp). Hence s=p and (¢g)=Q’, i. 
every prime factor of m is equal to the pth power of a prime ideal of the first 
degree. 

Let us next consider the prime p. If p is a factor of m it comes under the 
case already considered. Suppose then that p is not contained in m. Since p 
is a factor of the fundamental number, it is divisible by the square of a prime 
ideal P. Now consider the integer = a, — b, where b= We 
have 

(H+ 6)? — = 0 
or, if we set d = 
+ php?! 4+ pb? "p+bd=0. 


Since d = 0 (mod p) it follows that yw” is divisible by » and » by P and hence 
d is divisible by P*. Two cases arise according as d is divisible by p’ or not. 

I. d not divisible by p*®. In this case p must be divisible by P*. Hence, if 
p> 3, d must be divisible by /* and therefore p divisible by P‘. Reasoning 


* PASCAL, Determinanten, p. 139. 


D, = (— 1 
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in this way we find that p must be divisible by P?. Hence (p) = P’, i. e., 
if p is prime to m and d = b’-' — a’—| not divisible by p’, then p is equal to 
the p-th power of a prime ideal of the first degree. 

Il. d divisible by p*®. Let p*(s = 2) be the highest power of p contained in 
d and P’ the highest power of P contained in ». The equation satisfied by » 
may be written 


pB)+ bd=90, 


where § is prime to ?. If 7 were greater than unity, u”~' would be divisible 
by a higher power of P than /”, and since p cannot contain a higher power 
of P than P?, it follows from the equation above that » would be divisible by p. 
But if » were divisible by p, its conjugates would be divisible by p, but this 
is impossible, since the coefficient of » in the equation above contains only the 
first power of p. Hence =1. It is then easily seen that » must be divisible 
by P’-' and by no higher power of p. Hence if p is prime to m, and b’-'—a’-' 
is divisible by p*, we have (p) = P?"Q, where P and Q are different prime 
ideals of the first degree. 
38. Integral basis. 


Any integer » in &(a,) ma_ be expressed in the form 


= —— - 
Dd, 


w, +++, #,_, are rational integers. Let q be a prime factor of a, and 


where 2 


let (g) = Q’. Then the highest power of @ contained in a, is Q", where 


i, = si (mod p) and 0 <i, <r. Hence x, must be divisible by Q and hence 
by g- Denote by a,, 4,,,-+-, the numbers @,, 2,, arranged 
according to increasing powers of Q. It then follows that »,, must be divisible 
by @ and hence by q. In the same way we find that «,., ---, x, . are divisible 


9 p-1 


by g. It is then easily seen that » may finally be written in the form 


o=- - ’ 

where +++, are rational integers. 

If p is a factor of m we proceed as above and find that 


O=Y+Y,% 


where ¥,, are rational integers. 


If p is prime to m, two cases arise, according as d = b?-' — a?—! 


is divisible 
by p’ or not. 
I. d not divisible by p*®. Introducing the algebraic integer » = a, — b 


mentioned above and making use of the fact that a, = a}/c,, where c, is a rational 
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integer prime to p, we obtain 


Yet Yet 
CoO = 

p” 

In this case we have (p) = 7” and, as is easily seen, yp is divisible by 2 
but not by P’. Reasoning in exactly the same way as above we find that 
Yor are all divisible by p. Hence we finally get 

on »—1 
where z,, 2,5 +++, z,, are rational integers. But since all the prime factors of 
ce are contained in m, it follows that @ may be written in the form 


where +++, %,_, are! rational integer s. We then have the following result: 
Tf at! is not divisible by p’, the p numbers 1, form 
an integral basis of k(a,) and A= D,=(—1)""'*p’(a,a,---a_,)?"'. 
II. d divisible by p*. In this case we know that (p) = 'P- 0. We also 
know that yp’ is divisible by p, and hence yp is divisible by PQ and pu?" divisible 


by But 


= [ar 
(p—1 —2 


and since b?-' = 1 (mod p), it follows that 


at" + + 


=- 

is an algebraic integer. We shall now prove that the p numbers 

form an integral basis of k(a,). It is evident that these numbers form a 


rational basis. Denoting the discriminant of this basis by D, we get the fol- 
lowing value 


p—1/2 ,,p--2 p—l 
Now any algebraic integer @ may be written in the form 


we D 


3 


where x, 5 +++; v,_, are rational integers. It is easily seen that x, must be 
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divisible by D,. For, denoting by @, o’, ---, o”-" the conjugate values of @, 
we have 
Hence x, is divisible by D,. Let us then consider the algebraic integer 
1 D, 
If g be a prime factor of m we infer in the same way as above that x,, ---, 2,_, 
are divisible by 7, and hence that », may be written in the form 


Replacing a, by » + 6b we get 


. 


Wa + +> Yp-1 


—2 
pr = + +2 


where z,, 2,, «++, %,_, are rational integers and c is prime to p. By a simple 
argument it can then be shown that z,,z,,---, and hence also y,,¥,, 
must be divisible by p and that may finally be written in the form 


Hence we have the following result: Jf b’-' — a’—| is divisible by p’, the p 
numbers a,_, form an integral basis of k(a,) and 
A= D, (— 1 a, 


PURDUE UNIVERSITY. 
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VOLTERRA’S INTEGRAL EQUATION OF THE SECOND KIND, 
WITH DISCONTINUOUS KERNEL * 


BY 


GRIFFITH C. EVANS 


The integral equation of the second kind, of VOLTERRA, is written 


(1) u(x) = o(x) + K(x, 


In this equation the function A(«, &) is called the kernel; the desired function is 
u(a). When the functions A (a, &) and are continuous there is no diffi- 
culty in finding a continuous u(«) that shall satisfy equation (1). This general 
case of the equation (1), under the conditions solely that $(« ) be continuous when 
a=a=5 and that A(x, &) be continuous in the triangular region a = &=x=), 
was first investigated by VOLTERRA, + who showed that there is one and only 
one continuous solution in the interval a=2=6. His method applies without 
essential change to equations whose kernels are finite in the region a=&=x=b 
and have discontinuities, provided the discontinuities are regularly { distributed. 

Let us consider, however, a certain equation to which we are led by a hydro- 
statical problem. Suppose we are given a tube lying 
in a vertical plane along a curve of arbitrary shape, 
8 = u(x), where s is the distance along the curve and 
x the altitude. Let us fill this tube with a liquid of 
variable linear density v, and then regulate its height x 
in the tube by allowing various amounts to flow through 
the bottom. Let us then regard v as an analytic fune- 
tion of the depth in the liquid, i.e. vy = v(x —&). The 
average linear density is given by the formula 


“def 


A Jo 
* Presented to the Society, September 13, 1909. 
¢ V. VoLTERRA, Atti dell’ Accademia dei Lincei, ser. 5, vol. 5 (1896), pp. 177-184: 
~M. BOcHER: An Introduction to the Study of Integral Equations; Cambridge Tracts in 
Mathematics and Mathematical Physics, No. 10, 1909. 
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so that, when the curve is given, the average density is determined explicitly. 
Let us propose to ourselves the inverse problem: given the average linear den- 
sity, to find the shape of the curve. 

In the first place, if u’( &) is continuous (2) is continuous, and if we let 


viw— 
=a+G(«-—&), 


where G'(0)=0, then h(x) =a+q(a), where g(a) is some function that 
vanishes at least to the first order when x =0. We shall look only for solu- 
tions u(2) that have continuous derivatives. Hence we may write the equation 
to determine (#) as 


[G(x 
where v(&) = w'(&). 


This is an equation of which the kernel vanishes when x= £&=0. If we 
differentiate once and divide by g(a), we get the equation 


which is a homogeneous equation of the form (1), with discontinuous kernel.* 
The corresponding extension in the general equation (1) of the second kind 
is found by differentiation of the general integral equation of the first kind 


(2) — $(a) K(x, £)u(E)dé. 


It was originally an equation of this kind, 


ds 
n? 


¥(¢)= (€—2)" 


by which ABEL in 1823+ introduced the subject of integral equations; an 
equation of the first kind with discontinuous kernel. The general equation (2) 
where the kernel is continuous is itself not easy to treat. Yet in his first paper 
VOLTERRA shows that if ¢(y) and ¢(y) remain continuous when a = y=b, 
and if A(«#,y) and 0K /0x = K,(#, y) remain continuous in the. triangular 


* This equation will be treated in a later paper. 
+ VoLTERRA: Annali di Matematica, ser. 2, vol. 25 (1897), p. 140. 
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=2=b, while A(z,7) +0, then there is one and 


only one solution of (2) continuous in the interval a = # = b.* 


region a= y 

There are two manifest ways of enlarging the kernel of (2) beyond 
VoOLTERRA’s first restrictions. One way is to generalize the equation of ABEL 
to the form 


where G(x, &) and 0G'/0x are continuous in the triangular region and 
G(a, «) +0; this generalization VOLTERRA carries out in the second of 
his papers + appearing in the Atti di Torino, and shows that there is one 
and only one continuous solution. A second way is to allow the kernel of (2) 
to vanish when w2=£=a. This generalization, with the restriction that 
K(a, &) shall not vanish to higher order when & and x are equal and both 
approach a, than when & and a approach a independently, is considered by 
VoLrerRA in his third and fourth Turin papers.t And here it turns out that 
there is in general more than one solution continuous in the neighborhood of a. 

The same problem is considered by E. HOLMGREN § in 1900, and the special 
case is treated in which the kernel is in the form 


K'(a,y) 


and a, + a, is not necessarily unequal to zero. The present state of the ques- 
tion is best set forth in a recent paper of Latesco.|| He shows among other 
things that the equation 


(3) F(x), 
in which 


8) = A," + Aa "s + A, + 8), 


— here ¥(«,s) contains only terms whose total degree in x and s is greater than 
n,and A, + A, + --- + A, + 0,—has a solution u(x), finite at = 0 and 
depending linearly on & parameters, provided that F(a ) vanishes to a sufficiently 
high order and that & distinct solutions of the equation 


*Atti della Reale Accademia delle Scienze di Torino, vol. 31, Jan., 1896, pp. 
311-323 

TAtti della Reale Accademia delle Scienze di Torino, vol. 31, Jan., 1896, pp. 
400-408. 

tAtti della Reale Accademia delle Scienze di Torino, vol. 31, March, 1896, 
pp. 557-567 and April, 1896, pp. 693-708. 

2 E. HOLMGREN: Sur une théoréme de M. Volterra sur ]’inversion des int¢grales définies ; 
Atti della Reale Acc. delle Scienze di Torino, vol. 35 (1900), p. 570. 

| T. LALEsco: Sur l’équation de Volterra; Journal de Mathématiques, ser. 6, vol. 
4 (1908) p. 125. 
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A, 
have their real parts negative. LALEsco considers also the special case in 
which 
+ + + Bay + yy’ + 8), 
where A,+A,=0 and 2+8++47+0, and shows, as was previously 
announced by E. HoLMGREN (see page 395, note), that if 


A 


0 ~0 


a+B+y¥ 
there will be a single real solution, while if 


_A, 
a+B+y~ 
there will be an infinity of solutions depending on a single parameter. 
LaLesco’s method of procedure, to which the method of our later paper is 
analogous, is to differentiate the equation (3) in the general case n + 1 times, 
and then to base on the resulting Fuchsian equations an approximation method 
by which the given equation may be solved. It is essential in order to reach a 
Fuchsian equation that A, + A,+---+A,+0. 
The equation to which (3) is reduced by differentiating more than once is a 
special case of a type of equations proposed by BurGaATTI,} and investigated 
in a short note by Fusrnt,{ i. e., equations of the form 


The connection between equations of the first kind with kernel vanishing at 
the initial point of the interval, and equations of the second kind with kernels 
discontinuous at the initial point of the interval is seen, as we have said, by 
differentiating once. Equation (3) thus becomes 


(x) F'(x) 1 
u(r) = 

2) SJ, f(x, 2) 

* This equation was originally given by VOLTERRA, and the fact shown that there is but one 
finite solution if the real parts of all the roots are positive, while otherwise the solution is not 
determined uniquely. 

tf BurGATTI: Rendiconti dell’ Accademia dei Lincei, 2. semestre 1903, p. 443 and p. 
596. 

t FuBInI: Rendiconti dell’ Accademia delle Scienze Fisiche e Matematiche 
di Napoli, ser. 3, vol. 10 (1904), pp. 61-64. 
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which on account of the restriction A, + A, + --- + A, +0 is an equation 
the kernel of which becomes infinite at « = & = 0 to not higher than the first 
order. The special equation on page 396 corresponds to a case where the kernel 
of an equation of the second kind becomes infinite at « = & = 0 to the second 
order. 

In the present paper we consider equations whose kernels are absolutely 
integrable, and equations related to them by change of dependent variable. 
Later we shall treat equations whose kernels, though not of so general a type, 
are not restricted in their order of becoming infinite, and endeavor to define as 
to continuity the character of functions that can possibly satisfy the equations 
under investigation. 

Throughout the course of the work it will be convenient to be able to refer 
to the following two conditions, (A) and (PB). 

Condition (A). A real function of the two variables 2, & is to be continuous 
in the triangle T:a=&S=xr=b, b>a=0 
except on a finite number of curves, each com- 
posed of a finite number of continuous pieces with 
continuously turning tangents. Any vertical por- 
tion is to be considered a separate piece, and of 
such pieces there are to be merely a finite num- 
ber,x = £8. On the other 
portions of the system of curves there are to be 


only a finite number of vertical tangents. Hence 
by any line x = x, x, + B,, --+, 8, the system 
of curves will be cut in only a finite number of points. 

Condition (B). In the region t:a=x2=b, a real function of the single 
variable « is to be continuous except at a finite number of points, y,, ---, ¥,, 
and is to remain finite. 


§ 1. A General Theorem. 


The existence of the unique continuous solution of (1) when ¢(2) and the 
kernel are continuous is established by the development of u(2) into a series by 
substitution of the equation into itself.* If we assume for the moment that the 
equation (1) has a continuous solution, u(2), then the following equations will 
hold: 


u(x) = +f £)u(&)dé, 


* Method of ‘Successive Substitutions, LIOUVILLE: Journal de Mathématiques, vol. 2 
(1837), pp. 16-36 (applied to a particular equation). 
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ete. As x becomes infinite, the general expression becomes an infinite series. 
This series is shown to be uniformly convergent, and a solution of the given 
integral equation (1). The same method applies when A(x, &) is not so much 
restricted. * 

Let us define besides the linear region ¢ and the two dimensional region 7’, a 
linear region ¢,; formed from ¢ by remov- 
ing the small portions a,—éd<#x<a,+6 


(i= 1, 2,---, and a two dimensional 


region 7’; formed from 7’ by removing the 


small strips (i=1, 


2, ---,/), where the 6 is an arbitrarily small 


6 


! 
| 
i 
+ 


! 
magnitude, and the a’s are finite in number. 
! THEOREM. Consider the integral equation (1). 
b * Let K(x, &) satisfy Condition (A), and $(2) 


Condition (B). Furthermore let us assume 
the following conditions : 


(«) |K (a, &)|dE converges for all values of x in the interval = b ex- 


cept for a finite number of such values,t x =,, r,, -++, A,, and the function 


thus defined remains finite, less than M ; 
(b) Let e and & be two arbitrary positive quantities. Then there is a positive 
quantity n and a region T; such that 


| K(x, &)|\dé<e, (a, y) and y+) in T;. 


The points a,, +++, a, that appear in the definition of T; are independent of € and 
8 and include the points B of (A) and X of (a); 

(c) t can be divided into k parts, bounded by the points a=a,, a,, +--+, b=a 
such that 


k? 


aj 


Under these conditions there is one and only one solution u(x) of the integral 
equation (1), continuous in t except for a finite number of points, and these points 
will be among the points y,, «++, y,, of (B), and a,, --+, a, of (6). 

In the proof of this theorem («) and (c) are used in showing the convergence 
of the expansion of the solution, and (4) in developing what continuity exists. 


* The principal theorem of this part is a generalization of theorems ¢ 
submitted by Dr. W. A. HuRW1Tz, Dr. C. N. MoorEand myself as answers [ 2.2 
to a problem given out by Professor MAXIME BOCHER in his course on in- 
tegral equations, Harvard University, 1907-08. (1,1) 

tAn example of a point 7 not a point § is given by the point 
x=1, where K(z, §)=1 in the horizontally shaded region of the 
adjoined figure, and K(x, §)=1/(2—1) in the vertically shaded 
region. 4. 
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§ 2. Convergence of the Expansion. 
We shall show that the series 


a 


converges absolutely and uniformly in the region ¢; and represents in ¢ a fune- 
tion finite and continuous except for a finite number of points. 

Every term of this series is continuous in the region (;._ For if (2) 1s any 
function continuous in ¢ except for a finite number of points and finite, in 


absolute value less than NV, the integral 
F(2)= K(a, &)r(&)dé 


is continuous in the region f, and finite in ¢. 
To prove this take #,, any point in ¢;, and #, + Ax, a point near it and in 


t;, Fig. 5, and consider 


K(x, + de, E)r(E)dé— =|AF 


0 


Ar 
| K(w,-+ Aer, £)| +N \K(o,+Ax, £)—K(2,, €)| 


Let us assign the value p, arbitrarily small, in advance. On each side of 
every one of the p points &,, &, ---, & in which the line x = @, is cut by the 
system of curves of discontinuity of A(x, &) lay off a distance 4» such that 


in accordance with the condition (4) of the theorem. Take 


(de): 


Take Ax < , and small enough so that none of the curves of the system are 
eut by any of the lines & = &,+ 7/2 in the interval x1, =x=a%,+ Ar. We 
shall then have 


B; 


where the integration is now extended over the sections of the line x =z, 


| 

a 
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remaining after the p pieces have been removed. And since A(x, &) is con- 
tinuous in these closed regions (the shaded regions in the diagram, Fig. 5), 
Ax may be chosen small enough so that 
| (x) + Ar, é) — K(x, aN’ 
Accordingly we have, finally, 
p p p p 

JAP + = a)=p; 
and F’ is continuous in ¢;, i. e. continuous in ¢ except for the points a,, ---, @,, 
since 6 is as small as we please to take it. Moreover, F’ is finite in ¢ since 
| F\|=NM. 

The same proof applies to the function 


R 
R(x) = K(x, &)r(&)dé, a=R=z, 


showing that it is continuous except for the points « and 
finite, in ¢. 
The function 


Ke, E)r(&)dé 


itself satisfies the conditions laid on r(x). For it is con- 


tinuous except for the points a and finite. Consequently, 
as is seen by mathematical induction, every term, and every 
integral appearing in every term, of the series is an (2), 
with points of discontinuity included in the points a,, ---, @,. 

We now show the absolute and uniform convergence of the series 


x é 
(8) a(n) =f K(x. 8) MEME + 
in the region ¢;. If we write it as : 


u,,,(2) 


its general term is 


We have immediately 


(n—1) 
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and in that part of the region ¢; for which = lies in the first of the intervals 
mentioned in (c), i. e., a=x=a,, it follows that 


independently of 8. We may write this, for convenience, as 


(5) | SN {(n +1) 


We can establish corresponding inequalities of the type (5) for any interval 
a,_, toa,, by a process of mathematical induction. For if we assume the formula 


(6) S=N{(n + 1) 


to hold independently of the value of 6 for the first i — 1 intervals of ¢, i. e., 
when j = 1, 2, ---, i —1, respectively, we can show that it holds for the ith 
interval, j = i, as well. It is obvious, since H and | |S 
that the formula holds in the ith interval when n=i— 2. Also, since M= H, 


N{(n +1) = n 4 1) 
if j, > j,; hence the formula 
SN{((n + 1)M} (j=i-1), 


holds if x is in any of the first i — 1 intervals. 
Now, by rearrangement of the integral in (4) we have 


| |= 


(n—1) 


(n+1—i) 


(n+2—1) 


eee f | A( | dE~ | dé. 
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These n + 3 — i terms we have already a means for treating. For, as we have 
shown on page 401, we can apply to the integrals within the { } the formula 
(7). For the single remaining integral inside the square bracket, in the first 


n + 2—i terms, we may write 


(EO, BD) | SM, 


The terms outside both brackets we may write as less than or equal to a power 
of H. The last term we have directly = NH"*t?~‘ M'-'. We may write, then, 
for the ith interval of ¢, 
= 
MN{(n—141)M}'?P (or Na * 
+ HMN{(n—241)M} (or N(n—1)' 


+ H?MN{(n—8 41) (or N(n— 


+ MN {(i—1)M}'?H (or 
+ NM 
Hence we have 
| SNM 4 — 1)? + (n—2)F + (1-1)? 44-1), 
where there are in the bracket n + 3 —i terms. Hence, since i= 2, 
SNM (n +1) S NM + 1)(n +1), 


and finally, 


the desired result, which holds now not only for the ith interval of ¢,, but also 
for any point 2 in the first i intervals. - Hence we have for any point x of the 


k intervals of ¢,, 


+1) 


a value independent of the magnitude of 5. The series of constants, composed 
of terms of the type of the right hand side, is convergent by the simplest test. 
Suppose its value is 2; then 

ju(x)|=2, 


where = is independent of 5. Since the series is a uniformly convergent series 
of continuous functions in ¢,, it represents in ¢; a continuous function, regardless 


of the value of 6, (8> 0). 
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§ 3. Existence of a Solution. 
If we define 


(8) = $(x) + u(x) 


we know that U(x) is a function continuous in ¢ except for a finite number of 
points, which are among the points y,, ---, +++, 4,3; and finite == + N. 
It is now easy to show that U(x) is a solution of the integral equation (1). 

If we write for this purpose 


U(x) + 
where S (x) is the sum of the first n terms, the three functions U(x), S(x), 


R(x) are of the type r(a), § 2, and 


or 
£)U(E) dé — £)S (E)dé = Ke, £) R.(E) dé. 


Hence 


lim ( EU (EE K(x, = 0 


E&)R(&)dé <= &)|| dé; 


and since | 2, (a)| can be made less than an arbitrarily assigned ¢ by a suitable 
choice of n, we have 


which in ¢, is =eM and can therefore be made as small as we please by taking 
n large enough. 
Hence 
K(x, &)U(&)dé = lim | &)S (&)dé 
and we can integrate the series term by term. We see in this way that U(x) 
and 


are identical, and that consequently U(x) is a solution of the integral equa- 
tion (1). 


Trans, Am. Math. Soc. 27 
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§ 4. Uniqueness of the Solution. 


If w(a) is any solution whatever, finite, and continuous in ¢ except for a finite 


number of points, 


v(x) = u(x) —U (x) 
will be a function of the same kind, and since 
u(x) = p(x) + K(x, &)u(&)dé 


and 


U(a)=o(x)+ K(w, 
v(x) will be a solution of the homogeneous integral equation 


Consequently 


n=1,2, 


and 


But by the analysis of § 2, this last inequality leads to 
| o(a)|SN{(n +1) x in 
and since 7 <1 and n is arbitrary, the right hand side can be made as small 
as we please. Hence for any point of ¢, 
v(x) =90 


and U(«) is the only solution of the given type. Thus the theorem of §1 is 


proved. 
A few examples will show its scope. A kernel A(x, &) that satisfies the 
given conditions is 1/2(a—a). Here 


and we know that there is one and only one finite solution of 


u(x) = $(x) dé 


f 
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through any finite range, a to 4, whatever. A more complicated example of the 
same kind is 


f 1 
| — a) 
4 
1 1 
ay 


Other examples, of theoretical importance, will appear later. An example 
where the theorem does not hold we get by putting A(x, &)=2/(x—a). 
This fails to satisfy (¢), for 

(a, &)|dé =[2 


and we can choose no first interval small enough so that 


within it. As a matter of fact, in this case there is more than one finite solution. 
A second case, where (c) is satisfied but where («) fails to be, is obtained by 


choosing 


1 < 


Lyset = 


$5. Related Theorems. 


There are other theorems more or less closely related to the one that we have 
developed, as extensions or as special cases. Practically the same proof holds 
when we replace (A), (2), (a), (6), (c), by: 

(A’) A(x, &) is continuous in general* in 7 except in the neighborhood of 
a system of curves of the kind specified in Condition (A). 

(B’) $() is continuous in general in ¢ except in the neighborhood of a finite 
number of points, and is finite. 


* By ‘‘ K(x, &) is continuous in general except in the neighborhood of a system of curves of 
the kind specified in Condition (A),’’ we mean that there exists a finite number of curves of the 
kind specified in Condition (A) such that if every one is enclosed by a strip of width 2p, i. e., p 
on each side, where p is arbitrarily small, and a region 7, formed from 7 by taking away these 
strips, then K(x, £) will be continuous throughout 7, except for a finite number of curves of 
the kind specified in Condition (A). An analogous meaning is attached to ‘‘¢ (2) continuous 
in general in ¢ except in the neighborhood of a finite number of points.’’ Thus 1/ sin 1/z is 
‘continuous in general except in the neighborhood’? of the point x = 0, Fig. 6. 
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(a’) The integral 


a 


converges in ¢ except in the neighborhood of a finite number of points A,, ---, A,, 
and remains finite. 

(0’) There is a finite number of points 2,, ---, a, such that when the region ¢, 
is constructed there remain in it merely a finite number of points a, ---, a’,, / 
not necessarily independent of 6, such that when ¢ and 6’, (0 < 6 =8), are chosen 
at pleasure and ¢;, constructed by removing from ¢; regions of width 26’ con- 


taining respectively the points «,, there is a length » for which 


A(z, (x,y) and (x#,y+) in 7. 

(c’) can be divided into & parts, bounded by points a=a,, a,, ---, a,_,. b=a, 
such that 


J | H independent of 8, &. 


The conelusion in this case is that there is one and only one solution of the 
equation continuous in ¢ except in the neighborhood of a finite number of points. 
An obvious special case of the theorem of $1 is where the kernel is con- 


tinuous throughout 7. Another is the equation 


u(x) = d(x) +f ay (8) 


where &) is continuous throughout 7,and’A+u+v<1. 
The condition (A) can be replaced by conditions on the integral 
of the kernel; for instance (A) and ()) can together be replaced 
by the condition which follows : 
The integral 


a K(x, 


sillied where r(x) is finite in t and continuous except for a finite number of 
points, shall converge except at most for a finite number of values of 
] x, and the function of x thus defined shall remain finite ; further- 
more, it shall be continuous except at most for a finite number of 


values of «x, denoted by a,, +++, 4,, which are independent of the 


choice of r(x). 
case of this theorem, elegant on account of the simplicity of the 
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conditions imposed, has been treated by Dr. W. A. Hurwirz.* The hypotheses 
for this case were: 

$(a) continuous in ¢; 

(a”) f | &) | d& converges in ¢; 

(b”) fl K(x, &) | d& represents a continuous function in ¢; 

(c’) | K(x,, &)| =| &)| when x, > z,. 
Here (a) implies (a) of § 1, and (4”) and (c”) imply (4) and (c). For since 


| &)| =| A(#,, &) ’ > 


and 


and it follows from the convergence of 


that both (4) and (¢) must hold. 


$6. Application to a Non-Integrable Kernel. 


An interesting application of the general theorem is to integral equations 
where the kernels have such singularities that they are no longer integrable. 
Let us consider the equation 


(9) w(x) = o(2) +f eyae, 

where K(x, &) satisfies Condition (A) and is finite, where (x) satisfies 
Condition (B) and vanishes at « = a in a way to be explained below, and 
where /(£) is continuous in ¢ and unequal to zero except at the point a, where 
it may vanish in any way. We assume for convenience that 


lim 


* As a problem in Professor BOCHER’s course in integral equations: Harvard University, 
1907-08. Dr. HURWITZ also suggests the theorem: If 

(1) K(«, §) increases with x for any value of £; 

(2) | K(x, §)|d& converges and represents a continuous function 

(3) (2) is finite and integrable ; 
then the equation has one and only one finite and integrable solution. 
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does not exist; otherwise the case comes under the theorem of $1. Without 
loss of generality we may take 


|K(«x,&)|=H<1, 


putting whatever multiplicative constant is necessary into the denominator with 


J(&). 


If we transform this equation by means of the substitution 
(10) u(x) = r(x)v(x) 


we obtain 
= K(2, r 
= + J ae, 


so that 


will be a solution of the equation 


and conversely, if v(a) is a solution of this last equation, 


u(x) =r(x)v(2) 


will be the solution of the first. 

Now let us see if we can so choose (a) that the kernel in equation (11) shall 
satisfy the conditions (a), (b), (c) of the fundamental theorem. That is, 7(&) 
will have to be such a function that it will not only erase the singularity 
due to f(&), but will also have enough vanishing left so that by means of the 
integration it will suffice also for the singularities due to r(x). Obviously, 
no function with a vanishing point of finite order at a, except in the single case 
where /(&) vanishes to the first order fa case that is taken care of also by the 
succeeding formulas), will suffice, for the order of vanishing of its integral is 
greater only by one. And therefore we must look for functions that have 
essential singularities at the point a. <A satisfactory choice is 


dr 


(12) r(z)me ~*'S@)!, 


With the substitution defined by this value of r(x), the equation for v() is 


| 

— 

u(2) 

= 

| 

| 
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and the new kernel is 


(14) &) = K(x, €) FH 


This new kernel K satisfies the conditions (a),(b),(c). For the integral 


converges, a=x=b, except for a finite number of points A,, ---, A, and is 


t 
Since | K(x, &)| = H we see, when we have defined the points a, --- a,, that 


there is a length 7 such that 


| A (a, &)|d&é<e, (x,y) and y+7) in 7;. 


And finally we can show that 
= la=zr=b 
For 
b dg dx “b dt 
Fert Se 1S | if (2) 1 1 


In this integral let 
» dé > dz 
=f - and z= 
dé 
f(E)| 
When £ = a, we have = + o, and when & = x, we have € =z, so that 


b dx dg 
JS. 1S (x) | | 


then 


d= — 


becomes 


which has the value 1. Whence 
f | K(x, =H. 


Hence there is one and only one v(2) which is a solution of (13) finite and 
continuous in ¢ except for a finite number of points, provided that 


i 

j 

| 
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b dz 
$(a)e/* 
remains finite as x approaches a. Hence by (10) there is at least one solution 
of the given equation (9), provided that 


d. 
$(a)e/* 


remains finite, namely, 
dx 
(15) u(v)me '%)! 
It vanishes at the point a at least as sharply as 
dx 


const. e Se THe) 


The case where f(£) is discontinuous at a finite number of points is no 
more general than this that we have treated, for the discontinuities may be 
taken up by the K(a, &). The case where f(£) vanishes again in the interval 
is more complex. If it vanishes as a result of a finite jump, the problem may 
be treated by the previous analysis if we replace the equation (13) by 


v(2) = + f K(a, &) FE) v(&)dé, 


where a, is this second vanishing point of f(£) and where 
= d(x )e +f K(x, &) FE) v(E)dé, 


v(&) being known in the interval (a, a,) as a solution of the equation just 
studied. 


dx\ 


§7. A Generalization of Equation (9). 


An equation closely similar to (9) is 


(16) v(x) = + f 


where the continuous functions f(x), g(x), which vanish in ¢ only at x = a, are 
such that the limit 


lim 


y=a 


does not exist. If we multiply through by g(x) we get the equation 


and if we put w(x) = u(x)g(a), 


4 
2 
| 
4 
| 
| 
j 
| 
| 
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K (2. 


This equation has a finite solution w(2) continuous in ¢ except for a finite 


number of points, if 


f* dr 
z a(x) | 


remains finite as x approaches «. Moreover, at the point a, w(a) vanishes as 


strongly as 
“bh dx 


const -e J: 1, 


Hence the u(2), which is given by 


w (2) 
= 
vanishes at the point a as strongly as 
ix 
const - ——~ e Ss 
9(#) 


§ 8. A Generalization of Equation (16). 


Finally let us investigate the equation 
K(x, E)ulé 


TILE 


dé, 


where 


and the y, are various arbitrary continuous functions. 
This equation is equivalent to the equation 


(18) w(x) = O(x) + | w(£)dé, 


for (17) is reducible to (18) by the substitutions 


w(x)=u(x)g(x), h(w) =af(x)g(ax); 
and conversely, (18) is reducible to (17) by the inverse substitutions. 
shall suppose; as we can without loss of generality, that | (2, &)|=H<1. 


The a we shall leave undetermined for the present. 


By the substitution w(x) = r(a)v(a) the equation (18) is equivalent to 


19) = +f h(&)r(x) Il 
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Let us denote by v any positive number we please less than 1 — A, and choose 


r(x) so that | 
|# 


shall be convergent. Such a choice is 


b dz 
r(x =e~” 


For if we make the substitutions 


dor dé = dé 


the given a reduces to 


= tim | =x 289 


lim z 
v 


But z= lim _, z when x =a, so that the second term of this last expression for 
the integral is less than or equal to 1, and for the given choice of 7(&) we have 


r(&) 
J 


It must be remembered that (a), by its definition, depends on a. 

Let us now consider the integral of the absolute value of the kernel of equa- 
tion (19) and show that with this definition of (a) it can be made < 1 through- 
out ¢ by properly choosing the constant a. 

It is obvious that if a, 6, m, m are any numbers whatever not negative, 


<= 
and that if v is any positive number 
a” qt vy 
Moreover if a, m, b,,---, Ms +++, are any numbers whatever not 


negative, 


Ny 


Now 


r(&) ak(a, | Salt 5 | 


SaH h(E) r(w)| (2) 


dé. 


4 
| 
| 
i 
4 
: 
dé 
e/a 4 
Aj 
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The integrand now, however, is a product of which the factors are all positive. 
We have then, according to what we have just seen (putting m = 1), 


h(€)r(x) II h(E)r(a) +2 E—y,(x) 


and the given integral is less than or equal to 


Since v + A <1 we can choose 


rey] 


so that the integral of the absolute value of the kernel is 


SaH(1+P), x inf, 


A 


v- 


+A 
dé, x int, 


the a being involved only explicitly ; and by choosing 


this becomes =H<1. There is then under these conditions a solution of 
equation (19) if @(a)/1(a) remains finite. 

In regard to (17) we know that there is one solution continuous except at a 
finite number of points provided that 


remains finite as « approaches a. 

The number of solutions of such equations as these — (9), (16), (17) — we 
have not investigated. Conceivably there may be, often in fact there are, other 
finite solutions. 


HARVARD UNIVERSITY, 
February, i910. 
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EIN SEITENSTUCK ZUR MOEBIUS’SCHEN GEOMETRIE DER 
KREISVERWANDTSCHAFTEN * 


VON 
H. BECK 


Ofter wiederholt sich in der Mathematik, und insbesondere in der Geometrie, 
die Erscheinung, dass Gruppen von Lehrsiitzen, die durch gleiche logische 
Prozesse verbunden sind, in sonst verschiedenen Theorieen auftreten. Es ent- 
stehen dann sogenannte Ubertragungsprinzipe, fiir die der von S. Lie gefun- 
dene Zusammenhang zwischen Liniengeometrie und Kugelgeometrie das wohl 
beriihmteste Beispiel abgibt. Wir erinnern hier an die Tatsache, dass die von 
Moestus begriindete Art von Kugelgeometrie nicht dem Gedankenkreise der 
Euklidischen Geometrie (aus dem Moesius sie abgeleitet hat) eigentiimlich ist, 
sondern dass sie in gleicher Weise in den verschiedenen Arten von Nicht- 
Euklidischer Geometrie auftritt. Fiir Erscheinungen dieser Art hat man in 
der Sprache der Gruppentheorie einen priizisen Ausdruck gefunden. 

In der Kreisgeometrie von Morpius zum Beispiel wird der Begriff des 
Kreises derart umgrenzt, dass er auch die geraden Linien umfasst, und es wer- 
den dann, bei konsequenter Ausgestaltung der Systematik, ausschliesslich solche 
Eigenschaften dieser “ Kreise’’ betrachtet, die nicht zerstért werden kéonnen 
durch solche Punkttransformationen, die Kreise in Kreise iiberfiihren. Diese 
Transformationen bilden, wie Morsius selbst schon gefunden hat, eine — nach 
unserer heutigen Ausdrucksweise— gemischte Gruppe (G,, H/,), deren allge- 
meine Transformation von sechs Parametern abhiingt. 

Die kontinuierliche Gruppe G, entlrilt nun dreigliedrige Untergruppen, die 
nach Lir’s Terminologie Ghnlich sind zu den ebenfalls dreigliedrigen Bewe- 
gungsgruppen der Euklidischen und —je nach Wahl der Raumelemente (Punkt 
oder geeignetes Punktepaar)—der sphirischen oder der elliptischen, sowie der 
pseudosphirischen oder der hyperbolischen Geometrie. Danach erscheint es 
dann als vollkommen selbstverstiindlich, dass in jeder dieser verschiedenen Arten 
von Maassgeometrie, also in der Euklidischen Geometrie und in den 2-2 Haupt- 
arten der Nicht-Euklidischen Geometrie an bestimmter Stelle die Lehrsiitze von 
Moesivs’ Kreisgeometrie auftreten miissen. Aber diese Lehrsiitze haben, wie- 
wohl sie unter einander die gleiche Verkettung aufweisen, doch nicht die gleiche 


* Presented to the Society, September 7, 1910. 
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Bedeutung; sie ordnen sich in verschiedene Gedankensysteme ein; sie konnen 
zwar oftmals mit ihnlichen, nicht aber mit den gleichen Worten beschrieben 
werden, wenigstens nicht, wenn man auf die urspriinglichen Definitionen zuriick- 
geht: Ein A7veis in der sphirischen Geometrie zum Beispiel ist nicht Dasselbe, 
wie die mit dem gleichen Namen bezeichnete Figur der Euklidischen Geometrie. 
Eben darin ist das Interesse begriindet, das solche Wiederholungen derselben 
Schlussketten haben konnen, trotzdem sie Wiederholungen sind. 

In andern Fiillen ist eine so weitgehende logische Aequivalenz nicht vorhan- 
den. Die projektive Geometrie auf einer Kugel zum Beispiel ist sehr verschie- 
den von der Geometrie auf einem Hyperboloid. Erst, wenn man den elemen- 
taren Standpunkt der naiven Betrachtung mit einem andern vertauscht, offenbart 
sich auch hier eine weitgehende Ubereinstimmung, zu deren Verstiindnis wie- 
derum die Gruppentheorie den Schliissel liefert. Denkt man sich niimlich die 
Gruppen der automorphen Kollineationen von Kugel und Hyperboloid ins kom- 
plexe Gebiet erweitert (analytisch fortgesetzt), so sind diese erweiterten Gruppen 
wiederum zu einander dn/ich (niimlich zu einander komplex-projektiv). 

Daraus ergibt sich, dass alle Lehrsiitze der projektiven Geometrie, in denen 
reelle Figuren keine Sonderstellung einnehmen, von der Kugel auf das Hyper- 
boloid iibertragen werden kénnen, und umgekehrt. Ebenso verhiilt es sich mit 
Lie’s Kugelgeometrie und der PLUcKERschen Liniengeometrie. Man hat in 
solehen Fiillen, wie erklirlich, bisher vielleicht zu viel auf das Gemeinsame der 
verschiedenen Disziplinen, als auf die doch auch vorhandenen und tiefgreifenden 
Unterschiede geachtet. 

In der vorliegenden Untersuchung sollen nun die bekannten Beispiele solchen 
Zusammenhanges zwischen Theorieen verschiedenen Ursprungs durch ein wei- 
teres vermehrt werden. Die vorzufiihrende Art von Konstruktionen verhalt 
sich zu den Konstruktionen von Moesius’ Kreisgeometrie, die ja von der pro- 
jektiven Geometrie auf einer Kugelfliche nicht wesentlich verschieden ist, ganz 
so, wie die Geometrie auf einem Hyperboloid zur Geometrie auf der Kugel. 


Das zugehorige Ubertragungsprinzip gehért also zu der zweiten der beiden 


eben unterschiedenen Arten; erst im komplexen Gebiete fiilt unsere Geometrie 
in logischer Hinsicht zusammen mit der von Moesius; im Reellen sind sie 
beide sehr verschieden, unbeschadet des Umstandes, dass die tiefer liegenden 
Analogieen sich natiirlich auch hier schon fiihlbar machen. 

Die Geometrie der Zykeln, von der wir reden wollen, entsteht aus der ebenen 
hyperbolischen Geometrie, wenn man als Raumelement den Pfeil betrachtet, 
namlich ein wohlgeordnetes Paar von Punkten auf dem gewohnlich als Kegel- 
schnitt aufgefassten Ort der unendlich fernen Punkte. Diese Pfeile sind das 
Analogon zu den Punkten der Moesrusschen Geometrie. Sie werden den 
Transformationen einer gewissen Gruppe unterworfen, die zu der zuvor 
genannten Moestus’schen Gruppe ein Seitenstiick ist. Die den Kreisen von 
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Moesivus’ Geometrie analogen Figuren endlich sind dann eben die weiterhin zu 
erklirenden Zykeln. 

Da es uns nicht nur darauf ankommt, das Gemeinsame unserer Geometrie der 
Zykeln mit Morsius’ Kreisgeometrie hervortreten zu lassen, sondern uns auch 
daran gelegen ist, unsere Disziplin selbstiindig zu entwickeln und das Unter- 
scheidende zu seinem Rechte kommen zu lassen, so stellen wir uns von vorne- 
herein auf den Standpunkt der hyperbolischen Geometrie des reellen Gebietes. 
Alle vorkommenden Groéssen und Figuren setzen wir als reed! voraus. 


$1. Der Pfeil. 
Das absolute Polarsystem wiihlen wir in der Form: 


(1) LY, — — = 9, 
oder in Linienkoordinaten : 


(2) ro, — 1,0, — 1,9, = 0. 


Dann lasst sich das biniire Punktgebiet des absoluten Kegelschnitts auf fol- 
gende Weise darstellen : 
(3) AT + AZ — A?: 2X,A,. 


Jedem Werte von A,:A,, mit Einschluss des uneigentlichen Wertes oo, entspricht 
dann gerade ein unendlich ferner Punkt, und umgekehrt. Als positiv soll die 
Umlaufsrichtung auf dem absoluten Kegelschnitt bezeichnet werden, in der 
A, : A, wiichst. 

Als Raumelement wihlen wir den Pfei/.* Darunter soll verstanden werden 
die Figur zweier in eine bestimmte Reihenfolge gesetzter Punkte des absoluten 
Kegelschnitts. Ein Pfeil hat demnach einen Anfaungspunkt und einen End- 
punkt. Liegen beide getrennt, so heisst der Pfeil eigentlich. Sein Tiger ist 
eine zugiingliche Gerade. Sie trigt auch den entgegengesetzten Pfeil, d. i. den 
Pfeil, dessen Anfangspunkt und Endpunkt zusammenfallen mit Endpunkt und 
Anfangspunkt des ersten. 

Fallt der Anfangspunkt eines Pfeils mit seinem Endpunkt zusammen, so 
reden wir von einem Punktpfeil. Ein Punktpfeil ist zu sich selbst entgegen- 
gesetzt. Die Gesamtheit der Punktpfeile fungiert mithin als Verzweigungs- 
mannigfaltigkeit. Trager eines Punktpfeils ist eine Minimalgerade (Tangente 
des absoluten Kegelschnitts). 

Eine unzugiingliche Gerade tragt keine Pfeile. 

Ein Pfeil kann durch ein Paar geordneter Zahlen (X= ,:r,, 
dargestellt werden, wobei (vgl. Gl. 3) A,:A, seinen Anfangspunkt, y, : u, seinen 
Vgl. analoge Begrifisbildungen bei Hrn. E.Stupy: Beitrage zur Nicht- Euklidischen Geometrie; 
American Journal of Mathematics, vol. 29 (1907); Uber Nicht-Euklidische und Linien- 


geometrie, Jahresbericht der Deutschen Mathematiker-Vereinigung, Bd. 11 (1902), 
Bd. 15 (1906). Diesen Arbeiten ist die Terminologie grésstenteils nachgebildet. 
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Endpunkt bedeuten soll. Das System (u,:,, 4,:A,) gibt dann den entgegen- 
gesetzten Pfeil. Verschwindet der Ausdruck 

(4) (AH) = — 

so liegt ein Punktpfeil vor. Die Zahlen A,:A,, 4,:, sollen Pfeilparameter 
genannt werden. 

Die Gesamtheit der x* eigentlichen Pfeile wird durch die «2' Punktpfeile 
zu einem abgeschlossenen Kontinuum erginat. 

Zwei Pfeile mit zusammenfallenden Anfangspunkten werden a-paralle/ 
genannt. Entsprechend heissen Pfeile w-parallel, wenn sie gemeinsame End- 
punkte besitzen. 

Sind zwei Pfeile zu einem dritten a-parallel (-parallel), so sind sie es auch 
zu einander. Zwei Pfeile, die zugleich -parallel und 
w-parallel sind, fallen zusammen. Zwei Punktpfeile kon- 
nen parallel nur sein, wenn sie zusammen fallen. Durch 
einen Punkt, der dem absoluten Kegelschnitt nicht ange- 
hort, gibt es zu einem Pfeil stets gerade einen a-parallelen 
und einen @-parallelen Pfeil. 

Es gibt stets einen einzigen Pfeil, der zu einem ersten 
Pfeil a-parallel und zu einem zweiten Pfeil w-parallel ist. 
Er soll Verbindungspfeil (1-2) genannt werden (nicht zu 
verwechseln mit dem Verbindungspfeil (2-1)). Vgl. Fig. 1. 

Die Konstruktion des Verbindens eines ersten Pfeils mit einem zweiten ist 
stets, ohne irgend welche Ausnahmen ausfihrbar. 

Als Koordinaten der geraden Linie r, die den Pfeil (A, ~) triigt, findet man: 


2%; = — (A, 4, + A, 2A, — + 
Setzt man noch: 
(5) (Ax) =A, — 


so diirfen die vier Verhiltnisgréssen 


als Pfeilkoordinaten verwandt werden. Zwischen ihnen besteht dann die 
Relation : 

(7) = 0. 

Die Systeme und — 


ergeben entgegengesetzte Pfeile. 
Fiir Punktpfeile hat man: r, = 0. 


3 
Durch die HKoordinaten eines Pfeils sind auch wieder dessen Parameter 
vollkommen bestimmt : 
(8) 


4 
4 
i 
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Die Gleichung (7) zeigt : 

Das Pfeilkontinuum lisst sich ausnahmslos eindeutig umkehrbar abbilden 
auf die Gesamtheit der Punkte einer singularititenfreien geradlinigen Fiche 
zweiter Ordnung. 

Diese Fliche, die als einschaliges Hyperboloid angesehen werden darf, soll 
kurz Parasphire genannt werden. Entgegengesetzten Pfeilen kénnen zwei 
Punkte der Parasphire zugeordnet werden, deren Verbindungsgerade den 
Mittelpunkt der Fliche trifft. Die Punktpfeile werden dann abgebildet auf 
den Sehnitt der Parasphiire mit der uneigentlichen Ebene des /,. 

Die Pfeilparameter konnen mit den passend gewiihlten Parametern der 
Erzeugenden der Fliiche identifiziert werden, sodass sich z. B. entsprechen : 


Anfangspunkt eines Pfeils, Link-seitige Erzeugende ; 

Endpunkt eines Pfeils, Recht-seitige Erzeugende ; 

a-parallele (w-parallele) Pfeile, Punkte derselben link-(recht-)seitigen 
Erzeugenden. 


$2. Die parazyklische Gruppe. 
3 1 y 
Zu dem erklarten Pfeilkontinuum gehort eine sechsgliedrige Transformations- 
gruppe, deren reelle Transformationen die Pfeile in der Weise unter einander 
vertauschen, dass die Anfangspunkte fiir sich und die Endpunkte fiir sich pro- 
Jjectiv unter einander vertauscht werden : 


(a, + a,)r, +(4,— ) Az (B,+ + (8B, — By) 
(9) A, =(%, + 4, )A, + (4, — )A,- + (8, — 
N(8)= 83+ +0. 


Wir nennen sie die parazyklische Gruppe und bezeichnen sie kurz als G,. 


Die genannten reellen Transformationen umfassen vier getrennte Transforma- 
tionsscharen, die durch foleende Ungleichungen charakterisiert sind: 


N(a)>0, N(B)>0; N(2)>0, N(B) <9: 
N(a)<0, N(B)>0; N(a)<0, W(B) <0. 
Die erste Schar bildet mit jeder der drei iibrigen zusammen eine Gruppe; die 
von den Transformationen der ersten und vierten Schar [ V(a)-N(8)> 0] 
gebildete Gruppe werden wir die engere Gruppe nennen und mit G; bezeichnen. 
Eine parazyklische Transformation verwandelt Punktpfeile im Allgemeinen 
nicht wieder in solche; sie zerstért die Eigenschaft zweier Pfeile, entgegenge- 
setzt zu sein. Dagegen bleibt a-Parallelismus ( und @-Parallelismus) erhalten, 


denn es gelten die Gleichungen : 
(AT) = N(a)-(AL), = N(B)-(mm), 


wo (/,:/,, m,:m,) einen zweiten Pfeil bedeutet. 
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Die Gruppe G, kann leicht in Pfeilkoordinaten dargestellt werden; man 

kann sie folgendermassen schreiben : 

(10) + + (i=0, 1, 2, 3) 
Darin haben die c., nachstehende Werte : 


ik 
4,8, + a, 8, a, 8, a, 


oy a, 8, +> a, B, + a, B, 1, 
(10) 

C= a, 8, — B, a, 8, + a, Bs, 

C3 = a, 8, — B, a,B, a, Bs, 
Cy = — + 4,8, + 4,8, — — + %,8,— 
a, B, + a, — a, 8, a,8,, a, a, B, a, 8, 
a, Bs + a, B, a, B, + a, 8, , a, 8, + + 4, 8,— a, B, 
= a, 8, + 4,8, — 4,8, — 2,8,, = — 4,8, — a,B, — 4,8, 
a,B, a, 8, a, 8, a, B,, a, 8, a, 8, + a, 8, a,B,, 
a,B, a, 8, + 4, B, +> a, 8, ’ a, + 4,8, — 2, B, 2,8, 


Es ist dann: 
wo die t) die Koordinaten des Pfeils mit den Parametern (7,:7/,, m,:m,) sind. 


Die geometrische Bedeutung des Verschwindens der so gefundenen Simultanin- 
variante ergibt sich sofort aus der Gleichung : 


+ 1,9, — 2,9, — = (um). 


Die parazyklische Gruppe lisst sich aber eleganter darstellen. Dabei wird 
sich zeigen, dass die den Gleichungen (10) anhaftenden Unsymmetrieen nicht 
vermieden werden konnen. 

Wir bedienen uns eines Systems komplexer Zahlen in vier Einheiten mit 
folgender Multiplikationstafel : * 


—e é. 
1 0 3 2 
(11) 
—& 


* Das System wird aus dem der Hamiltonschen Quaternionen durch eine lineare nicht reelle 
Transformation erhalten. Vgl. Enzyklopidie der mathematischen Wissenschaften, 
I A 4, p. 167, Zweite Gestalt der Quaternionen. Das dort unter VI’ angegebene System bedarf 
nur ganz geringfiigiger Abinderung, die hier aber zweckmissig erscheint, um in die Form (11) 
iiberzugehen. 

Trans. Am. Math. Soc. 28 
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Es sei nun: 


+ 4,€, + + Bye, + Bye, + B,e, + 


Weiter bedeute %= a,e,— — a,e,— die zu a konjugierte Qua- 
ternion. Dann ist, da e, der positiven reellen Einheit gleich gesetzt werden 
darf : 

a-4=4-4= N(a)-e,= N(a). 
Ist y = 4-8, so gelten auch die folgenden beiden Gleichungen : 
Man darf durch < dividieren, solange V(a) + 0. 


Setzen wir noch: 

so stellt sich die parazyklische Gruppe durch die eine Formel dar: 
(12) 

Die beiden Grissensysteme a, und 8, (i = 0,1, 2, 3) sollen Parameter der 
parazyklischen Transformation genannt werden. Jedes dieser Systeme darf, wie 
die Gleichungen (9) zeigen, noch mit einem beliebigen (nicht verschwindenden) 
Zahlenfaktor multipliziert werden, ohne dass die dargestellte Transformation 
sich iindert. 

Es ist nun leicht, mehrere parazyklische Transformationen hintereinander 


auszufiihren. Bedeutet nimlich S,, die Transformation mit den Parametern 
a,, 8, (i=0,1, 2,3), und ist (in Wrenerscher Bezeichnung) 


so erhalt man: 


wenn die neuen Quaternionen und folgende Bedeutung haben : 
Die Gleichung : 

N(a")-N(B") = 

zeigt, wie die engere Gruppe G, zu Stande kommt. i 
Es gibt stets eine und nur eine parazyklische Transformation, die die Figur ; 


dreier wohlgeordneter Pfeile, von denen keine zwei parallel sind, in eine gege- 


bene ebensolche Figur iiberfihrt. 
§3. Der Zykel. 


Die einfachsten Pfeilmannigfaltigkeiten sind die, deren Gleichungen (in 
Pfeilparametern dargestellt) linear oder bilinear sind. 


q 
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Es gibt zwei Arten von Jinearen Pfeilmannigfaltigkeiten : 
(pry=90. (qu) =9. 


Die Gleichung (pA) = 0 stellt ein Biischel a-paralleler Pfeile dar, oder wie 
wir kurz sagen wollen, ein a-Biischel. Entsprechend bedeutet die zweite 
Gleichung ein o-Biischel. Beide Gebilde sind Triiger biniirer Gebiete. 

Jeder Pfeil bestimmt ein einziges a-Biischel und ein einziges -Biischel. 
Ein a-Biischel und ein w-Biischel durchdringen sich stets in einem einzigen Pfeil. 
Zwei getrennte a-Biischel (-Biischel) haben niemals einen Pfeil gemeinsam. 

Die o' a-Biischel bilden eine einzige Klasse bereits gegeniiber den Trans- 
formationen einer jeden der vier Scharen, ebenso die o' -Biischel. Ein 
a-Biischel kann aber durch eine Transformation von G, niemals in ein w-Biischel 
iibergefiihrt werden (doch vgl. § 4). 

Verbindet man einen Pfeil mit siimtlichen Pfeilen eines 2-Biischels (-Biischels), 
so entsteht ein a-Biischel (ein einziger Pfeil). 

Verbindet man siimtliche Pfeile eines «-Biischels (w-Biischels) mit einem Pfeil, 
so entsteht ein einziger Pfeil (ein w-Biischel). — 

Jede Lilineare Pfeilmannigfaltigkeit ist in der folgenden Form enthalten : 


(14) Ay By By ALM, Ay A,B, = 0. 


Alle durch solche Gleichungen dargestellten Gebilde sollen Zykeln genannt 
werden. 
Der Zykel heisst reduzibel, sobald seine Diskriminante 


(15) LD — 


= aa ll 


verschwindet. Er besteht dann aus einem a-Biischel und einem @-Biischel. 
Er besitzt einen JVittelpfeil, den Durchdringungspfeil der beiden Biischel. 

Durch irgend drei getrennte Pfeile, von denen gerade zwei parallel sind, geht 
stets ein und nur ein reduzibler Zykel. Die oo” reduziblen Zykeln bilden eine 
einzige Klasse gegeniiber den Transformationen einer jeden der vier Scharen 
von G,. 

Zwei getrennte reduzible Zykeln durchdringen sich in zwei getrennten Pfeilen, 
oder sie haben ein ganzes a-Biischel (@-Biischel) gemeinsam (orthogonale 
Zykeln, vgl. spater § 5). 

Liegt ein a-Biischel (w-Biischel) nicht ganz in einem reduziblen Zykel, so 
haben beide Figuren stets einen einzigen Pfeil gemeinsam. — 

Durch drei getrennte Pfeile, von denen keine zwei a-parallel oder w-parallel 
sind, geht stets ein einziger irreduzibler Zykel. 

Um mit diesem Begriff gleich eine Anschauung zu verbinden, betrachten wir, 
indem wir die Ergebnisse spiiterer Entwicklungen ($7) antizipieren, die ver- 
schiedenen Gestalten der irreduziblen Zykeln. 


| 
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Zuniichst ist zu nennen der absolute Kegelschnitt (als Ort aller Punktpfeile). 

Ferner jeder zugiingliche Punkt (als Ort aller Pfeile, deren Traiger durch ihn 
hinduichgehen) und jede zugiingliche Gerade (als Ort der Pfeile, von deren 
Triigern sie senkrecht geschnitten wird). 

Die iibrigen irreduziblen Zykeln lassen sich in der Weise zu Paaren anordnen, 
dass von den beiden Zykeln eines Paares jeder aus dem anderen hervorgeht, 
wenn man jeden Zykelpfeil in den entgegengesetzten Pfeil verwandelt. Zu den 
beiden Zykeln eines Paares gehdrt demnach ein und dieselbe Geradenmannig- 
faltigkeit, und diese umhiillt eine irreduzible Kurve 2. Klasse (und 2. Ordnung), 
die den absoluten Kegelschnitt doppelt beriihrt (wobei noch die beiden Beriih- 
rungspunkte zusammenfallen kénnen). Dadurch, dass man diese Kurven (oder 
ihre im Unendlichen zusammenhiingenden Zweige) orientiert, kann man die 
beiden Zykeln des zugehérigen Paares anschaulich unterscheiden. 

Doch konnen von den angefiihrten Kurven nur diejenigen Zykeln liefern, die 
iiberhaupt zugiingliche Tangenten besitzen. Indem wir fiir diese Kurven die in 
der hyperbolischen Geometrie iiblichen Benennungen verwenden, erhalten wir 
folgende Zusammenstellung : 

1. Zugiingliche Kreise mit bestimmtem Umlaufssinn (Fig. 2). 

2. Zugiingliche Abstandskurven (LIEBMANN), deren Zweige in entgegenge- 
setztem Sinne durchlaufen werden (Fig. 3). 


© 


Fig. 2. Fia. 3. 


3. Zugiingliche Grenzkurven, deren zugiinglicher Zug in bestimmter Richtung 
durchlaufen wird (Fig. 4). 


Fia. 4. Fia. 5. 


; 
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4. Unzugiingliche Kurven zweiter Ordnung (und zweiter Klasse), die mit dem 
absoluten Kegelschnitt in ree//er Doppelberiihrung liegen, und deren Tangenten 
ins zugdngliche Gebiet eindringen. Die Orientierung ist aus der Figur 5 
ersichtlich. — 

Uben wir auf den durch die Gleichung (14) dargestellten Zykel die parazy- 
klische Transformation S,, aus, so reproduziert sich die Diskriminante bis auf 
den Faktor V(a)-N(8): 

Die co* irreduziblen Zykeln bilden eine einzige Klasse gegeniiber den Trans- 
formationen der Gruppe G,. Liisst man dagegen nur Transformationen von 
G;. zu, so erweist sich das Vorzeichen der Diskriminante als wesentlich, und 
man hat zwei Klassen. Von den eigentlichen irreduziblen Zykeln (D> 0) 
sind dann zu unterscheiden die uneigentlichen (D<0). Zu den uneigent- 
lichen irreduziblen Zykeln gehoren ausser den Geradenzykeln (§ 6) nur noch jene, 
bei denen die von den Pfeilen umhiillte Kurve zweiter Ordnung und Klasse im 
unzugiinglichen Gebiet liegt (Fig. 5). 

Ein 2-Biischel (w-Biischel) und ein irreduzibler Zykel haben stets einen einzigen 
gemeinsamen Pfeil, und umgekehrt : 

Eine Pfeilmannigtaltigkeit, die mit jedem a-Biischel und jedem -Biischel 
gerade einen Pfeil gemeinsam hat, ist ein irreduzibler Zykel.* 

Zwei getrennte irreduzible Zykeln haben zwei, einen oder keinen gemein- 
samen Pfeil. Ein reduzibler und ein irreduzibler Zykel durchdringen sich in 
einem oder in zwei Pfeilen. 

Die Gesamtheit der «* Zykeln lisst sich durchaus eindeutig umkehrbar 
abbilden auf die Gesamtheit der Ebenen des R.. 

Den reduziblen Zykeln entsprechen dabei die Ebenen einer singularitiiten- 
freien Fliche zweiter Klasse. Diese Fliiche kann mit der Parasphiire identi- 
fiziert werden. Ferner liisst sich die Abbildung so einrichten, dass sich 
entspricht : 


vereinigte Lage von Pfeil und Zykel, _vereinigte Lage von Bildpunkt auf der 
Parasphiire mit Bildebene. 


Um diesen Gedanken auszufihren, beachten wir, dass sich die Gleichung (14) 
des Zykels in folgender Gestalt schreiben liisst : 


(16) [Ar] = A,r, + A,r, + A,r, + Agr, = 0. 


* Dieser Satz bedarf aber, um nicht falsch verstanden zu werden, einer Erliiuterung. In der 
Tat hat ja jedes orientierte zugiingliche Oval, als Ort von Pfeilen aufgefasst, mit jedem «- Biischel 
(w-Biischel) gerade einen Pfeil gemeinsam ; aber die Aufgabe, die Durchdringungspfeile einer 
solehen Pfeilmannigfaltigkeit mit einem a-Biischel («-Biischel) zu finden, fiihrt auf nicht-lineare 
Gleichungen fiir die Parameter. Erst wenn man durch Einfiihrung komplexer Pfeile den irre- 
duziblen Zykel zu einer zweifach ausgedehnten Mannigfaltigkeit erweitert, und auch den Begriff 
des irreduziblen Zykels sachgemiiss abiindert, wiirde der Satz im Text ohne weitere Zusiitze 
richtig sein. 
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Dabei haben die A nachstehende Bedeutung : 
9A :2A :2A:2A. = 
(17) + 4,,):4,,— + 
Die vier Verhiiltnisgréssen A, sollen als Zykelkoordinaten verwandt werden. 
Deuten wir sie als Ebenenkoordinaten im /2,, so ist damit die eben erwihnte 


Abbildung vollzogen. 
Man erkennt leicht die Richtigkeit folgender Gleichung : 


(18) 2.(A, B, + A, B, = A, B,— A, B;) 549 Ay, b,, Ay, 


wofiir wir kiirzer schreiben 
(18) 2-.(AB)=D,. 

Eigentlichen (uneigentlichen) irreduziblen Zykeln entsprechen also bei der 
Abbildung auf die Parasphiire solehe Ebenen, deren Pole inbezug auf die 
Parasphiire innerhalb (ausserhalb) * der Fliche liegen. 

Die parazyklische Gruppe geht bei dieser Abbildung iiber in eine sechs- 
gliedrige projektive Gruppe des /2,, deren Transformationen die Parasphiire in 
Jetzt erkennt man sofort den tieferen Unterschied zwischen 


Ruhe lassen. 
den Transformationen der vier in §2 erwihnten Scharen. Ist nimlich 
N(a)-N(8)<9,so werden die beiden Gebiete, die wir soeben als Inneres und 
Ausseres der Parasphiire unterschieden haben, vertauscht. 


Fiir reduzible Zykeln hat man (vgl. Gl. 15) 
(AA) =4D. =0. 


aa 


§ 4. Erweiterung der parazyklischen Gruppe. 

Gegeniiber parazyklischen Transformationen besitzt die Figur von irgend vier 
Pfeilen zwei unabhiingige absolute Invarianten, die wir als a-Doppelverhiiltnis 
und w-Doppelverhiltnis bezeichnen : 

= 
(A, Ay) AQ) 


(4, 


Dabei sind durch die Indizes jetzt nicht Pfeilparameter, sondern Pfeile 


unterschieden. 

Fiir irgend vier Pfeile eines a-Biischels (@-Biischels) ist das a-Doppel- 
verhiltnis (w-Doppelverhaltnis) unbestimmt. 

Das a-Doppelverhiltnis von vier Pfeilen eines irreduziblen Zykels ist 
gleich ihrem w-Doppelverhiiltnis. Umgekehrt: 

Ist das a-Doppelverhiltnis von vier Pfeilen, von denen keine zwei a-parallel 
oder w-parallel sind, gleich ihrem w-Doppelverhiiltnis, so gehoren die vier 
Pfeile einem irreduziblen Zykel an. 


~ * Als innerhalb bezeichnen wir das Gebiet, in dem der Pol der uneigentlichen Ebene liegt. 


a 
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Die Gruppe G', der parazyklischen Pfeiltransformationen erweitern wir noch 
durch Hinzufiigung der absoluten Spiegelung,* d. i. der ausgezeichneten 
Transformation, die alle Pfeile umkehrt: 


A, = Mes =A, 


Aus den parazyklischen Transformationen gehen so hervor die antiparazy- 
klischen : 


(%, + (a, — = (8, + B,)r, (8,— B, 
(a, > a, ) (a, — ) (B, + B,)A, + (8, — 
N(2) +0, N(B) +9. 


Sie konnen vermittelst unserer Quaternionen in die kurze Formel zusammen- 
gefasst werden : 


(21) if = 


(20) 


Die a,, 8,(i = 0, 1, 2, 3) sollen wieder die Parameter der Transformation 
heissen. Die Zusammensetzung irgend zweier Transformationen der gemischten 
Gruppe (G,, H,) bietet jetzt keine Schwierigkeit : 

Es sei S,, (7, ) die parazyklische (antiparazyklische) Transformation mit 
den Parametern a,, 8,. Dann hat man (vgl. § 2): 


Sop + Sarge = Saran 
* = Sarge 


a’= B.a', 


Auch die Gesamtheit 7, der antiparazyklischen Transformationen zerfillt in 
vier getrennte Scharen, die entsprechend, wie die von G,, charakterisiert sind. 
Die Gruppe (G,, /7,) enthiilt wieder eine sechsgliedrige Untergruppe (G;,, ), 
charakterisiert durch die Ungleichung 


N(a)-N(8)>0. 


Eine antiparazyklische Transformation vertauscht a-Parallelismus und 
w-Parallelismus ; sie vertauscht ferner das a-Doppelverhiiltnis mit dem 
w-Doppelverhiltnis. 

Die Gruppe (G,, H,) uwmfasst alle Transformationen von Pfeilen, die 
Biischel paralleler Pfeile in ebensolche, und Zykeln in Zykeln iiberfiihren. 


* Der Name wird weiterhin ($5) motiviert werden. 


| 
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Die letzte Hiilfte dieses Satzes kann auch folgendermassen prizisiert werden : 

Es gibt stets eine einzige antiparazyklische Transformation, die die Figur 
dreier wohlge ordneter Pfeile, von denen keine zwei parallel sind, in eine 
vorgegebene Figur derselben Eigenschaft iiberfiihrt. 

Gegeniiber der Gruppe (G,, /7,) gibt es nur noch eine Klasse von Biischeln 
paralleler Pfeile (vgl. § 3). 

Bei der am Schlusse des vorigen Abschnitts erwihnten Abbildung der Zykeln 
auf den Ebenenraum geht die Gruppe (G,, /Z,) iiber in die Gruppe adler pro- 
jektiven Transformationen der /2,, die die Parasphire in Ruhe lassen, (G,, /7;) 
in die Gruppe aller projektiven Transformationen des /2,, die ausserdem die 
beiden Seiten der Parasphiire nicht vertauschen. 


§ 5. Spiegelung am Zykel. 


Mit jedem irreduziblen Zykel A ist eine involutorische antiparazyhlische 
Pfeiltransformation verbunden, die wir als Spiegelung am Zykel A bezeichnen: 


I 


(A,— A,) 4, + (A,— =(A, + A,)A, +(A,— 4,)A,, 
A, = —(A, + A,) 4, + (A, + = (A, + 4,)A, +(A,— A;)A,.- 


(23) 


Von zwei durch diese Transformation zugeordneten Pfeilen sagen wir: jeder 
liegt invers zum andern inbezug auf den Zykel A. 

Liegen zwei Pfeile invers inbezug auf den irreduziblen Zykel A, so 
gehoren ihre beiden Verbindungspfeile dem Zykel an. 

Dieser Satz liefert eine héchst einfache Losung der Aufgabe : 

Einen Pfeil (X, w) an einem irreduziblen Zykel A zu spiegeln. (Fig. 6.) 

Man zieht die beiden Zykelpfeile, die dem 
gegebenen parallel sind. Sie ergeben gerade 
noch einen Verbindungspfeil; dieser ist der 
gesuchte zu (A, w) inbezug auf A invers 
liegende vw’). Die Konstruktion versagt 


niemals. 

Jeder Pfeil liegt zu dem entgegengesetzten 
Pfeil invers inbezug auf den Zykel der Punkt- 
pfeile. Dieser wird spiiter als absoluter Zykel 
bezeichnet werden, und daraus motiviert sich 
die Bezeichnung absolute Spiegelung (§ 4) fiir 
die ausgezeichnete Transformation, die alle in os 
Pfeile umkehrt. 

Die Pfeile des spiegelnden Zykels selbst, und nur diese, sind ihre eigenen 
Spiegelbilder. 

Das Spiegelbild eines 2-Biischels ist ein w-Biischel, das eines irreduziblen 
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(reduziblen) Zykels wieder ein irreduzibler (reduzibler) Zykel. Eigentliche 
(uneigentliche) Zykeln werden wieder in eigentliche (uneigentliche) iibergefiihrt. 

Bilden wir die Gleichungen (23) fiir einen reduziblen Zykel, so verschwinden 
die Transformationsdeterminanten. Von Spiegelungen an reduziblen Zykeln 
reden wir daher nicht. 

Durch Zusammensetzung einer geraden (ungeraden) Anzahl von Spiegelungen 
an Zykeln erhilt man alle parazyklischen (antiparazyklischen) Transformationen 
der engeren Gruppe H,,). 

Die Transformationen von (G',, //,,), die der engeren Gruppe (G,, /7;,) nicht 
angehoren, konnen nicht durch involutorische parazyklische oder antiparazy- 
klische Pfeiltransformationen erhalten werden. 

Wir stellen die Spiegelung am Zykel A nunmehr auch in Pfeilkoordinaten 


auf, 
—r,= 2-A,-[Ar]—(AA)r,, 
= 2-A.-[ Ar] 
(24) —(AA)rx, 


Ar] —(AA)r,. 

Bei Benutzung von Zykelkoordinaten hat man : 

(AA)X,—2(AYX)A,, 3, 3), 


25 
(X’X’)=(AA)-( XX), XP). 

Bei der Spiegelung an einem Zykel bleiben (ausser ihm selbst) 0° Zykeln 
einzeln in Ruhe. Diese sollen zum spiegelnden Zykel orthogonal genannt werden. 
Ist ein irreduzibler Zykel Y orthogonal zu dem irreduziblen Zykel Y, so ist 
auch Y orthogonal zu Y’. Diese Beziehung wird ausgedriickt durch eine sym- 
metrische Gleichung (vgl. Gl. 18) 


(XV)=0. 


Diese Gleichung definiert die orthogonale Lage eines irreduziblen (oder reduzi- 
blen) Zykels zu einem reduziblen, wo die obige Erklirung versagt. Aus der 
Symmetrie dieser Gleichung folgt, dass man jetzt allgemein von zu einander 
orthogonalen Zykeln reden darf. Jetzt wird auch die bereits in §3 
gebrauchte Bezeichnung orthogonale Lage zweier reduzibler Zykeln gegen- 
einander motiviert ; insonderheit darf jeder reduzible Zykel orthogonal zu sich 


selbst genannt werden. 

Orthogonale Lage zweier Zykeln bleibt bei jeder parazyklischen und jeder 
antiparazyklischen Transformation erhalten, d. i. auch dann, wenn die Trans- 
formation nicht in der Gruppe (G,, /7;,) enthalten ist. 

Die hier aufgetretenen Analogieen mit der Lehre von den Moesius’schen 


j 
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Kreisverwandtschaften erstrecken sich noch auf eine Reihe von weiteren Sitzen, 
bei deren Aufziihlung wir uns kurz fassen werden. Nur abweichendes Verhal- 
ten soll besonders betont werden. 

Die Figur aller 2? Zykeln, die zu einem Zykel orthogonal liegen, bildet ein 
Zykelbiindel. Der Zykel, zu dem alle Zykeln des Biindels orthogonal liegen, 
heisse Mittelzykel des Zykelbiindels ; er gehort dem Zykelbiindel aber nur dann 
an, wenn er reduzibel ist. Wir klassifizieren die Zykelbiindel : 

1. Mittelzykel irreduzibel Eine Klasse. 

a. Mittelzykel eigentlich 0°. Eine Klasse. 
b. Mittelzykel uneigentlich oo*%. Eine Klasse. 

2. Mittelzykel reduzibel Eine Klasse. 

Die Einteilung (1, 2, ---) soll sich (wie auch bei der Klassifikation der 
Zykelbiischel) auf die Gruppe (G,, H,) beziehen, wihrend die Einteilung 
(a, 6) sich ergibt, wenn man nur Transformationen von (G‘,, /7;) zuliisst. Es 
gibt also gegeniiber (G,, H,) zwei, gegeniiber (G;, H;) drei Klassen von 
Zykelbiindeln. 

Zwei getrennte Zykelbiindel durchdringen einander in einem Zykelbiischel. 
Diese werden klassifiziert durch Betrachtung der in ihnen enthaltenen reduziblen 
Zykeln. 

1. Kein reduzibler Zykel. cof. Eine Klasse gegeniiber (G,, H,), zwei 

Klassen gegeniiber (G,, 


4 


a. Das Biischel besteht ganz aus eigentlichen Zykeln. 20'. Eine Klasse. 


b. Das Biischel besteht ganz aus uneigentlichen Zykeln 20%. Eine Klasse. 


Zwei getrennte reduzible Zykeln. 


2. Eine Klasse. 
3. Ein (doppelt ziihlender) reduzibler Zykel. 0%. Eine Klasse gegeniiber 
(G,, H,), zwei Klassen gegeniiber (G;, 
a. Alle irreduziblen Zykeln sind eigentlich oo*. Eine Klasse. 
b. Alle irreduziblen Zykeln sind uneigentlich oo*. Eine Klasse. 

4. Das Biischel besteht ganz aus reduziblen Zykeln. .'. Eine Klasse. 

Jedem Zykelbiischel ist ein zweites reziprok zugeordnet : 

In reziproken Zykelbiischeln liegt jeder Zykel des einen Biischels orthogonal 
zu siimtlichen Zykeln des anderen Biischels. Reziproke Zykelbiischel gehoren 
demselben Haupttypus (aber in den Fiillen 1. und 3. getrennten Untertypen) 
an. Jedes Biischel des Typus 4. ist zu sich selbst reziprok. 

Bildet man (§3) die Zykeln auf die Ebenen des 7, ab, so erscheinen die 


Zykelbiindel als Punkte, die Zykelbiischel als gerade Linien. 


§ 6. Die Bewegungen und Umlequngen. 


Wir gehen jetzt zur elementaren Pfeilgeometrie iiber. Der Zykel der 
Punktpfeile wird als ahsoluter Zykel erklirt und es werden nur solche Trans- 
formationen von (G,, H,) zugelassen, die den absoluten Zykel in sich selbst 
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iiberfiihren. Diese werden dann Bewegungen oder Umlegungen genannt. 
jenachdem sie parazyklisch oder antiparazyklisch sind. 

Eine Transformation von G, ( //,) ist eine Bewegung (Umlegung), wenn 
zwischen ihren Parametern die Gleichungen bestehen : 


Die Bewegungen und Umlegungen sind also bereits in der Gruppe (G_, /7,) 
enthalten. 

Die Bewegungen und Umlegungen verwandeln entgegengesetzte Pfeile stets 
wieder in ebensolche. Sie umfassen alle Transformationen von (G,, //,), die 
diese Eigenschaft besitzen. 

Nennen wir antiparallel zwei Pfeile, wenn der Endpunkt des einen mit dem 
Anfangspunkt des andern zusammenfiillt, so gilt der Satz: 

Antiparallelismus von Pfeilen bleibt bei jeder Bewegung und Umlequng 
erhalten. 

Die Bewegungen und Umlegungen umfassen siimtliche Transformationen von 
(G,, H,), die antiparallele Pfeile stets wieder in ebensclche verwandeln. 

Man kann die Bewegungen und Umlegungen durch die Quaternionenglei- 
chungen darstellen : 


(26) if 


Die Gleichungen (10) vereinfachen sich weszntlich : 


(27) 
Cy, = — a, — 
= 2(4,4,— 4,4,), Cs, = 2(— 4,4, — 2,4,), 
Cy, = 2(— 4,4, — 4,4, ), C3 = 2(— + 
Cy = 2( 4,4, + 2, = 2(a,a,—4,4,). 


Ubt man nach der Bewegung (Umlegung) a die Bewegung oder Umlegung 
a aus, so gilt jetzt fiir die resultierende Transformation 2” in allen Fiillen die 
Gleichung : 


oder ausgeschrieben : 


Q 
I| 


A, a, + + 2,8, — a, 
(28) 


= 4,4, — 2,4, + + 


4 
Cn = = 0, Cro = = = 0, 
C= + — a3 — 
a’ 
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Ferner ist : 
N(a") = N(a)-N(a’). 
Aus dieser Gleichung schliessen wir : 
Die Gesamtheit der Bewegungen zerfillt in zwei getrennte Schaaren : 
1) N(a)>090. Figentliche Bewegungen. 
2) V(a)<0. Uneigentliche Bewegungen. 

Die uneigentlichen Bewegungen kehren den Umlaufssinn auf dem absoluten 
Kegelschnitt, d. i. dem als Punktmannigfaltigkeit aufgefassten absoluten Zykel, 
um. 

Die Gruppe der eigentlichen Bewegungen ist kontinuierlich. Der Umlaufs- 
sinn bleibt ungeiindert. 

“ntsprechend haben wir bei den Umlegungen zu unterscheiden. Liyentliche 
Umlegungen lassen den Umlaufssinn ungestort [N(a)>0]. 

Es bezeichne S (7’) eine eigentliche, S’ (7”) eine uneigentliche Bewegung 
(Umlegung). 

Driickt man dann durch die symbolische Gleichung 


(SS) =S 


den Tatbestand aus, dass zwei eigentliche Bewegungen wieder eine eigentliche 


Bewegung ergeben, so gelten auch folgende Gleichungen : 
(SS)=S, (SS)=S, (ST)=T, (ST’)=T7, 
(SS)=S, (ST)=T, (ST’)= 
(77)=S, (TT )=S; 
(7’T’)=S. 


| 


Es gibt also folgende dreigliedrige reell-gemischte Gruppen: 


Bei einer Bewegung (Umlegung) werden die Anfangspunkte der Pfeile ebenso 
transformiert, wie die Endpunkte. Die Bewegungen und Umlegungen sind 
also auch Transformationen der Punkte des absoluten Kegelschnitts, d. i. des als 
Punktmannigfaltigkeit aufgefassten absoluten Zykels. 

Betrachtet man bei dieser Auffassung jeden urspriinglichen unendlich fernen 
Punkt als Anfangspunkt, jeden transformierten als Endpunkt eines Pfeils, so 
entsteht eine Mannigfaltigkeit von oo' Pfeilen, die ein irreduzibler Zykel sein 
muss, da sie offenbar mit jedem a-Biischel und mit jedem w-Biischel gerade einen 
Pfeil gemeinsam hat. 


Der Bewegung < ist dabei derselbe Zykel zugeordnet, wie der Umlegung 2; 


er hat die Koordinaten also die Gleichung 2,1, + %,1,+ %1,=90, 


i 
| 
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Die identische Bewegung, ebenso demnach die absolute Spiegelung, fihrt auf 
den absoluten Zykel 1:0:0:0. 

Die Theorie der Zykeln steht also in engem Zusammenhang mit der Lehre 
von den Bewegungen. 

Wir betrachten jetzt die involutorischen Bewegungen und Umlegungen. 
Fiir sie muss, wenn wir von der identischen Bewegung und der absoluten 
Spiegelung absehen, der Parameter ~, verschwinden. 

1. Die eigentlichen involutorischen Bewegungen. N(a)> 9. Kein Pfeil 
bleibt in Ruhe, dagegen werden 2! Pfeile umgekehrt. Die Triiger aller dieser 
Pfeile laufen durch den (zugiinglichen) Punkt a, : a, : a 


»* 
3 


Umwendung um den Punkt a, : 


Der zugehérige Zykel besteht aus den erwiihnten 2' Pfeilen und _ soll 
Punktzykel genannt werden. Er besitzt keine Punktpfeile und gestattet die 
absolute Spiegelung. Er gehért zu den eigentlichen Zykeln (§ 3). 

2. Die uneigentlichen involutorischen Bewegungen. N(a) <9. In Ruhe 
bleiben zwei entgegengesetzte Pfeile und damit auch die zugehérigen Verbin- 
dungs(Punkt-)pfeile. Auch hier werden 2' Pfeile umgekehrt. Ihre Triiger 


schneiden jetzt den Triiger a,:—a,: — a, des ersten Pfeilpaares senkrecht. 


Umwendung um die Gerade a,: — 4,: — 4. 


2 


Der zugehorige aus jenen oo! 


Pfeilen und zwei Punktpfeilen bestehende 
Zykel soll Geradenzykel genannt werden. Er gestattet die absolute Spiegelung. 
3. Die eigentlichen involutorischen Umlegungen. N(a)>9. Der (eigent- 


liche) Punktzykel mit den Koordinaten 0: a, : a,: a, bleibt pfeilweise in Ruhe. 


Spiegelung am Punkt a,: 4,2 

4, Die uneigentlichen involutorischen Umlegungen. N(a)<90. Der 
(uneigentliche) Geradenzykel mit den Koordinaten 0: a, : a,: a, bleibt pfeilweise 
in Ruhe. 

Spiegelung an der Geraden a,: — 4,: — 4,. 

Die Spiegelungen an Punkten und Geraden fallen unter den allgemeineren 
Begriff: Spiegelung am Zykel. Damit ist also die Frage nach der Konstruk- 
tion dieser Transformationen bereits beantwortet. Entsprechendes gilt auch fiir 
die Konstruktion der Umwendungen. 


§ 7. Alassifikation der Bewegungen und der Zykeln. 


Jede von der identischen verschiedene Bewegung lisst sich auf «' Arten 
darstellen als Aufeinanderfolge zweier Spiegelungen. 


*Statt Umwendung um einen Punkt pflegt man auch zu sagen: Spiegelung am Punkt. Wir 
sind hier aber gezwungen, eine Trennung in der Bezeichnung vorzunehmen, und verwenden das 
Wort Umwendung nur fiir Bewegungen, das Wort Spiegelung nur fiir Umlegungen. 


4 

4 

j 

3 

3 

| 

| 
| 


432 H. BECK: EIN SEITENSTUCK ZUR MOEBIUS’SCHEN [October 


Es sei 
S,= T,-T, 
Dann darf, wie man auf Grund der Gll. (28) leicht bestiitigt, gesetzt werden : 
B,:B,:B,:B, =0:0,4, — o,4,: — (0,4, — — (0,4, — 
Yo Vy = 02 — — (73% — 7,4)? — — 7, 


Dabei sind die o und + durch folgende Relationen verbunden : 


= — 4,0, + 55 

T, = — 4,0, + 4,0, + 4,0,, }(0,:0,:0, + 4,:4,:4,). 

a,0,— 2,0, + A) 


Ferner ist 


N(«) = N(8)-N(1). 


Eine eigentliche Bewegung kann zusammengesetzt werden aus zwei Spiegelun- 


gen an Punkten oder auch aus zwei Spiegelungen an Geraden. 


Um eine wneigentliche Bewegung zu erhalten, hat man die Spiegelung an 


einem Punkt zusammenzusetzen mit der Spiegelung an einer Geraden. 


Wir untersuchen jetzt die verschiedenen Fiille, indem wir mit den eigentlichen 


Bewegungen beginnen. 


1. af —a3—ai>0. Die beiden Geraden §,: — 8,: — 8, und y,: — y,: — 7; 
laufen durch den Punkt a,:2,:a,. Kein Pfeil bleibt in Ruhe, ebenso kein 


reduzibler Zykel, wohl aber der Punktzykel 0: a,:2,:a,. 
Drehung um den Punkt a,:%,:4,. 


Besonderer Fall: 4, = 0. Umwendung um den Punkt a,: 


9 


absolute Spiegelung gestattet. 


Gleitung * lings des Punktpfeils 0:a,:-—2,:— 4 


3 


3. —a—a? <0. Jetzt stellt das System a, : — a,: — a, eine zugiingliche 
Gerade dar, die Verbindungslinie der Punkte 8,:8,:8, und ,:¥,:7,, oder 
gemeinsame Normale der Geraden 8,: — 8,: — 8, und In 
Ruhe bleiben die beiden Pfeile auf der Geraden a, : — a,: — a,, sowie die zuge- 
hérigen Verbindungspfeile, ferner vier unschwer zu beschreibende reduzible 


Zykeln, endlich der Geradenzykel 0: a, : a, : ,. 


Gleitung liings der Geraden a,: — 4,: — 4. 


Ist die Bewegung S, uneigentlich, so sind die Mittelelemente der Spiege- 
lungen 7, und 7; Punkt auf der Geraden «,: — a,: — a, und Gerade senkrecht 


*Von Hrn. E. Stupy benutzt. Das sonst iibliche Wort Schiebung wird besser vermieden, 


da es Analogieen suggeriert, die nicht existieren. 


2. a7 —a>—a?=0. Die beiden vorhin erwihnten Geraden sind jetzt 
parallel. In Ruhe bleibt ein Punktpfeil und ein reduziber Zykel, der die 


| 
| 


1910] GEOMETRIE DER KREISVERWANDTSCHAFTEN 433 


zu ihr. Es bleiben dieselben Gebilde in Ruhe, wie bei der eben besprochenen 
Gleitung. 
Uneigentliche Gleitung liings der Geraden a,:— 4,: — 
Besonderer Fall: a,= 0. Unwendung um die Gerade a,:— a,: — 2,. 
In allen Fiillen ist die Maassinvariante (Winkel, Offnung*, Abstand) der 


Mittelelemente der beiden Spiegelungen gleich der halben Grosse der resultie- 
renden Bewegung (Drehwinkel, Gleitéffnung,} Gleitstrecke). 

Uberall in diesem Abschnitt darf das Wort Spiegelung ersetzt werden durch 
Umwendung. 

Wir geben jetzt im Zusammenhang die Parameter einer Bewegung von vorge- 
schriebenen iiblichen Bestimmungsstiicken an. 

1. Drehung um den Punkt x durch den Winkel 2/: 


cot 


2 i 


2. Gleitung langs der Minimalgeraden r durch die Offnung 2o: 


3. Gleitung lings des (eigentlichen) Pfeils r durch die Strecke 2: 


r, coth n:1,:—1,: — 


3 


4. Uneigentliche Gleitung liings des Pfeils r durch die Strecke 27: 
r,tgh n:r,:—1,:— 

* Vgl. iiber diese Begriffe weiter unter die folgenden beiden Fussnoten. 
+ Hierzu bemerken wir noch Folgendes: Eine inrariante Grisse, die durch zwei Punkte einer 
Minimalgeraden (oder, was dasselbe ist, durch zwei parallele Gerade) bestimmt wiire, gibt es 
natiirlich nicht. Erkliirt man die Offnung zweier paralleler Gerader r und 1’ durch die Gleichung 


, 


— — Eg 


so ist zu beachten, dass diese Grosse invariant ist nur gegeniiber den Bewegungen der im Texte 
unter (2) aufgefiihrten eingliedrigen Gruppe, die also nur einen einzigen unendlich fernen 
Punkt in Ruhe lassen, nimlich den unendlich fernen Schnittpunkt der beiden Parallelen. 
Sofern die Figur zweier getrennten parallelen Geraden, die in eine bestimmte Reihenfolge gesetzt 
sind, eine Bewegung der soeben beschriebenen Art villig bestimmt, darf man von der Offnung 
dieser Bewegung reden. 

Invariant ist aber die Offnungshalbierende zweier paralleler Geraden, eine dritte zugiingliche 
parallele Gerade, die Symmetrieaxe der Figur der beiden ersten ist. 

Will man den Begriff der Offnung vermeiden, so empfiehlt sich etwa folgende Fragestellung: 
Wie heissen die Parameter der Gleitung lings der Minimalgeraden L,: L,, die die Minimalgerade 
M, : M, iiberfiihrt in die Minimalgerade N,: N,? Man findet : 


2(LM)( LN) 
(MN) 


wo L,: L, den Beriihrungspunkt der ersten Minimalgeraden darstellt (vgl. 21, Gl. 3) und das 
Symbol ( JLN ) die folgende Bedeutung hat : 


L?: L3—L?:2L,L,, 


(MN) =M,N,—M,N,, usw. 


1 
—2%=[r, 
| 
| 
| 
] 
| 
| 
| 
| 


434 H. BECK: EIN SEITENSTUCK ZUR MOEBIUS’ SCHEN [October 


Mit der Einteilung der Bewegungen ist gleichzeitig bereits die Klassifikation 
der irreduziblen Zykeln (gegeniiber Bewegungen und Umlegungen) vollzogen. 
Wir stellen kanonische Vertreter fiir die einzelnen Typen auf. 

I. Lrreduzible Zykeln. (AA)+9. 
a. Eigentliche Zykeln. (AA)>O. 
1. A? — A> — 
a) A,+0. Drehzykel. c' Klassen. 


cos — sin = 0 (0< 
8B) A,=90. Punktzykel. Eine Klasse. 
r= 0. 


2. A?— A?— A? =0. 
a) Nicht alle A;(i=1, 2, 3) verschwinden gleichzeitig. 
Grenzzykel. Eine Klasse. 
B) A,=A,=A,=9. Absoluter Zykel. 
=0. 
3. A? — A? — A? <0. Gleitzykel. 2%. Klassen. 
cosh sinh 0 + 0). 
b. Uneigentliche Zykeln. (AA)<9. 
1. A,+0. UOneigentlicher Zykel allgemeiner Art. 
oo' Klassen. 
sinh 7-1, — cosh = 0 (O+7+ 0). 


2. A,=0. Geradenzykel. Eine Klasse. 


r, = 0. 


Il. Reduzible Zykeln. (AA)=9. 
1. A,+0. Mittelpfeil-eigentlich. 0°. Eine Klasse. 


2. A,=90. Der Mittelpfeil ist Punktpfeil. Eine Klasse. 


0 


= 9. 
Radius des Drehzykels, Grenzabstand des Grenzykels* und Abstand des 


* Uber die Invarianz dieses Ausdrucks gelten entsprechende Bemerkungen, wie in der vorigen 
Fussnote. Gegeniiber den hyperbolischen Bewegungen, die nur einen einzigen unendlich fernen 
Punkt y in Ruhe lassen, hat ein zugiinglicher Punkt x die Invariante {z, y}: 


ety} — — — 9s 


2 2 2 
V 


; 
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Gleitzykels (iiber die Gestalten dieser Gebilde vgl. $3) hiingen mit den Grossen 
2h der zugehorigen Bewegungen (Drehwinkel, Gleitoffnung, Gleitstrecke) 
zusammen durch die Gleichung 


log € ed eb? 
— 
wenn man der Reihe nach setzt : 
0, f=+1. 
Im Falle & = —1 gibt die Gleichung den bekannten Zusammenhang zwischen 


Lotliinge und Parallelenwinkel. — 

Bezeichnet man die Zykeln, die die absolute Spiegelung gestatten, also die 
Punktzykeln, Geradenzykeln und den zweiten Typus der reduziblen Zykeln als 
spezielle Zykeln, so gilt der Satz: 


Ein Zykelbiischel enthilt einen einzigen speziellen Zykel, oder es besteht 
i ganz aus solchen. 
t Im ersten Falle hat der spezielle Zykel einfache geometrische Bedeutung 
(Mittelpunkt des Drehzykels, gemeinsame Normale der beiden Pfeile, in denen 
sich zwei Zykel durchdringen, Scheitelpunkt des Grenzzykels u. s. w.). 

Jeder zum ubsoluten Zykel orthogonale Zykel ist speziell. 


§ 8. Honstruktionen im Pfeilgebiet. 


Von der elementaren Pfeilgeometrie kehren wir noch einmal zu allgemeineren 
Betrachtungen zuriick. Es ist zuniichst zu zeigen, wie man beliebig viele Pfeile 
eines durch drei Pfeile bestimmten irreduziblen Zykels konstruieren kann. 
Daran schliessen wir noch einige andere Konstruktionsaufgaben an. 


' Irgend drei Pfeile, von denen keine zwei parallel sind, bestimmen, wie schon 
; gesagt, eine Abbildung des absoluten Kegelschnitts auf sich selbst von folgender 
Eigenschaft : 
Das Doppelverhiltnis von irgend vier urspriinglichen Punkten ist gleich dem 
Doppelverhiiltnis der transformierten Punkte. 
Deuten wir jeden urspriinglichen Punkt als Anfangspunkt, den _transfor- 
mierten als Endpunkt eines Pfeils, so erfiillen die oo' auf diese Weise erhaltenen 
‘ Pfeile den ganzen durch die drei gegebenen Pfeile bestimmten Zykel. 
: Ist also der Zykel pfeilweise bekannt, so ist dadurch die ganze Abbildung 
gegeben. 

Man kann sich nun auf den Standpunkt stellen, dass nur die speziellen Zykeln 
Es geniigt, dieser Grésse, die wir als Grenzabstand des Punktes x gegen den Punkt y bezeichnen, 
positive Werte beizulegen. Der Ort der Punkte xz, die gegen einen unendlich fernen Punkt 
gleichen Grenzabstand besitzen, ist eine Grenzkurve. Der Abstand zweier Grenzkurven, die zu 


ein und demselben unendlich fernen Punkte gehéren, ist gleich der Differenz der Grenzab- 
stiinde. 


Trans. Am. Math. Soc, 29 


4 
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unmittelbar gegeben seien, und dann die Aufgabe stellen, unter Benutzung nur 
von spexiellen Zykeln die Abbildung herzustellen und damit auch nicht-spezielle 
Zykeln zu konstruieren. 

Das kann auf folgende Weise geschehen: (wir setzen voraus, dass der zu 
konstruierende Zykel nicht schon speziell ist). 

1. Die Anfangspunkte (a, 5, ¢) der drei Pfeile verbinden wir mit einem 
(nicht unendlich fernen, sonst aber) beliebigen Punkt P, Es entsteht ein 

spezieller Zykel, gegeben durch die drei PfeileaA 5B, cC. 

2. Jetzt verbinden wir einen zweiten (nicht unendlich fernen) Punkt P, mit 
den Punkten A, B und C durch Pfeile. Der neue spezielle Zykel ist durch 

die Pfeile BB, C’C gegeben. 

3. Sind die Punkte /, und P, passend gewiihlt, so ist es stets mdglich, 
einen dritten Punkt P, so zu finden, dass die orientierten Verbindungsgeraden 


A'P,, BP,, CP. 


, der Reihe nach durch die Endpunkte a’, b’, c’ der drei 
gegebenen Pfeile laufen. 

Wendet man diese Konstruktion auf einen vierten unendlich fernen Punkt d 
an, so erhilt man den zugeordneten Punkt d’ und somit einen vierten Pfeil des 
durch die drei gegebenen laufenden Zykels. 

Die drei Punkte P,, P,, ?, kann man z. B folgendermassen wiihlen: (Fig. 7) 


P= ( ab, ec’), = (aa, bb’), = (ab, ). 


1 

Die Punkte P existieren stets. Vorkommen kann es aber, dass der eine oder 
andre von ihnen unendlich fern liegt. Der 
Fall kann dann durch Einschieben noch 
eines vierten speziellen Zykels stets ver- 
mieden werden. Auf gleiche Weise be- 
seitigt man unbequeme Lageverhiiltnisse. 

Benutzt sind nur die drei Jinearen Fun- 
damentalkonstruktionen der ebenen projek- 
tiven Geometrie : 

1) Zwei Punkte zu verbinden. 

2) Zwei Gerade zum Schnitt zu bringen. 

3) Den zweiten Schnittpunkt einer Ger- 


aden mit einer Kurve zweiter Ordnung zu 
finden. 

Da wir von dem durch die drei Pfeile aa’, bb’, cc’ gehenden Zykel auf Grund 
dieser linearen Konstruktionen jetzt beliebig viele Pfeile zeichnen konnen, 
erkliren wir als 

1. Erste (lineare) Fundamentalkonstruktion der Pfeilgeometrie: 

Durch drei Pfeile, von denen keine zwei parallel sind, den Zykel zu legen. 

Durch zweimalige Anwendung dieser Konstruktion lost man die Aufgabe : 


& 
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j 
3 
4 
; 


1910] GEOMETRIE DER KREISVERWANDTSCHAFTEN 437 


. Einen Pfeil an einem irreduziblen Zykel zu spiegeln. 

Es ist zwar noch ein Pfeil mit einem andern zu verbinden (§ 1, Fig. 1); das 
ist aber keine neue geometrische Konstruktion, da der Pfeil shen als Punktepaar 
erklirt worden ist; den Triger hatten wir in den Begriff des Pfeils nicht mit 
aufgenommen. 


3. Es soll die parazyklische (eatiporm yklische) Pfeiliransformation kon- 
struiert werden, die drei aA, von denen keine zwei parallel 


sind, in die Pfeile a's BE itberfiihrt. 
Man konstruiert im ersten Falle die beiden Zykeln 


— 
ad’, und AA’, BB’, CC’; 


im zweiten Falle dagegen die Zykeln 


1’, bB’, cC und Aad’, Bb’, Ce’. 


Das weitere Verfahren, zu einem vierten urspriinglichen Pfeil dD den trans- 
formierten zu finden, bedarf keiner Erliuterung mehr. 

4. Den zweiten Durchdringungspfeil zweier irreduzibler Zykeln zu zeichnen, 
wenn der erste gegeben ist. 

Ein Pfeil r wird beliebig gewiihlt, aber so dass er keinem der beiden gegebe- 
nen Zykeln A und B angehort. Dann spiegeln wir ihn an den beiden Zykeln 
A und BP und erhalten die Spiegelbilder » und 3. Kurz geschrieben : 


r{A}y, r{ B; 


soe 


Jetzt wird der Zykel ry; gezeichnet. Wird der gegebene Durchdringungs- 
pfeil I der beiden Zykeln A und B am Zykel (13) gespiegelt, so erhalt man 
den zweiten gesuchten Durchdringungspfeil IT: 


I {ry3} IL. 

Damit die zuletzt angegebene Spiegelung am Zykel méglich ist, muss natiir- 
lich der Zykel (13) irreduzibel sein. So lisst sich aber der Pfeil r stets 
wahlen. 

5. Durch einen Pfeil x den Zykel zu legen, der zu zwei getrennten irreduzi- 
blen Zykeln A und B orthogonal ist. 

r{A}y, r{ B};. 


Dann ist der Zykel (rv;) der gesuchte. Es gibt oo' Losungen, falls der 
reduzible Zykel, fiir den der Pfeil r Mittelpfeil ist, mit A und B in einem Zykel- 
biischel liegt, in allen iibrigen Fiillen eine einzige Lésung. Das soeben ange- 
gebene Verfahren fiihrt jedoch nicht zum Ziel, wenn der Pfeil r einem der beiden 


gegebenen Zykeln angehért. Dann benutzt man am bequemsten Aufgabe 9. 


| 
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6. Den Zykel zu zeichnen, der zu zwei getrennten reduziblen Zykeln A und 
B orthogonal liegt und durch den Pfeil x liéuft. 

Man legt durch r und die Mittelpfeile der beiden reduziblen Zykeln den 
Zykel. Es darf r nicht bereits Mittelpfeil eines der beiden reduziblen Zykeln 
sein; dann gibt es 2' Loisungen; ebenso wenn die Mittelpfeile der beiden 


gegebenen reduziblen Zykeln beide zum Pfeil r a-parallel (@-parallel) sind. 


7. Den Zykel zu zeichnen, der durch den Pfeil x liuft, zu einem irreduziblen 
und zu einem reduziblen Zykel orthogonal ist. 

Man spiegelt den Pfeil 1, sowie den Mittelpfeil des reduziblen Zykels am 
irreduziblen. Dadurch hat man vier Pfeile des gesuchten Zykels. Auch hier 
kann das Lisungsverfahren versagen (wenn yr dem irreduziblen Zykel angehort), 
ferner gibt es in zwei unschwer zu beschreibenden Fiillen oo' Losungen. 

8. Den Zykel zu zeichnen, der durch einen Pfeil x liiuft und dem durch die 
beiden Zykeln A und B bestimmten Biischel angehort. 

Man benutzt (je nach der Beschaffenheit der beiden Zykelu A und B) eine 
der drei letzten Aufgaben und zeichnet zwei beliebige Zykeln orthogonal zu A 
und B. Sie mogen C und D heissen. Sie diirfen nicht reduzibel sein und 
diirfen nicht durch den gegebenen Pfeil laufen. Weiter: 

r{C}y, r{D};. 
Dann ist der Zykel rv; der gesuchte. 

9. Den Orthogonalzykel dreier Zykeln A, B, C, die nicht einem Biischel 
angehoren, zu finden. 

Man wihlt einen Pfeil r, der keinem der drei Zykeln angehdort, beliebig. 
Durch r legt man die drei Zykeln, die der Reihe nach den Biischeln (B, C), 
(C, A), (A, B) angehoren (vorige Aufgabe). Diese drei Zykeln durchdringen 
sich ausser in r noch in einem Pfeil 1’. 

Diese Konstruktion wiederholt man mit einem zweiten Pfeil y und erhilt den 
Pfeil 1’. 

Die vier Verbindungspfeile 1-1, r-r, y-y’, y-y gehoren dem gesuchten 
Orthogonalzykel an. Durch die soeben angegebene Konstruktion lassen sich 
auch die oben (bei 5 und 7) erwiihnten Fiille erledigen, wenn die dort’ aufge- 
fiihrten Methoden versagen. 

Als quadratische Konstruktion ist die folgende zu betrachten. 

10. Die beiden Durchdringungspfeile zweier Zykeln zu zeichnen. 

Die beiden Zykeln seien A und B. Man zeichnet zwei weitere Zykeln C 
und D beliebig, die zu beiden orthogonal sind. Dann bestimmen die drei 
Zykeln C, D und A einen Orthogonalzykel O. Dieser liegt mit A und B in 
einem Biischel. Die Durchdringungspfeile von A und BP sind daher identisch 
mit denen von A und O. Die Aufgabe ist also etwas vereinfacht und es gilt als 

11. Zweite (quadratische) Fundamentalkonstruktion der Pfeilgeometrie : 
Die Durchdringungspfeile zweier orthogonaler Zykeln zu zeichnen. 
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Sie ist in dem erklirten Gebiet, in dem es nur reelle Pfeile gibt, natiirlich 
nicht immer losbar. 


§ 9. Die Hauptarten Nicht-Euklidischer Geometrie der Ebene. 


Um der Pfeilgeometrie eine Stelle im Ganzen der Geometrie zuzuweisen, 
miissen wir etwas weiter ausholen und z. T. bekannte Dinge ausfiihren. Dabei 
werden sich dann gleichzeitig manche der eingefiihrten Benennungen motivieren. 

Die Gesamtheit der eigentlichen reellen Punkte der Ebene kann bekanntlich 
auf zwei verschiedene Arten zu einem abgeschlossenen Kontinuum ergiinzt werden. 

A, Zunichst zum projektiven Kontinuum. Ein Punkt wird durch drei homo- 
gene reelle Koordinaten 2,:“,:x, dargestellt. Die zugehérige achtgliedrige 
Transformationsgruppe ist kontinuierlich : 


B. Das zweite Kontinuum wird dadurch erhalten, dass man das erste dop- 
pelt iiberdeckt : 

Zyklisches Kontinuum.* Es hat den Zusammenhang einer singularitiiten- 
freien Fliche zweiter Ordnung, die reelle Punkte, aber keine reellen Erzeugen- 
den besitzt. 

Der Punkt des zyklischen Kontinuums kann daher durch eine komplexe Zahl 
&=£:£&, dargestellt werden. Die zugehorige Gruppe ist sechsgliedrig 
(zyklische Gruppe = Gruppe der MOsivsschen Kreisverwandtschaften). Sie 
ist gemischt und besteht aus zwei getrennten Transformationsscharen : 


Zyklische Transformationen. Antizyklische Transformationen.+ 
Die zyklische Gruppe ist enthalten in der unendlichen konformen Gruppe: 


F=f(&). 
Konforme Transformationen. Antikonforme Transformationen. 


A. Man betrachtet nun gewisse Untergruppen der projektiven Gruppe, 
5 5 pra) 

indem man ein absolutes Gebilde (einen irreduziblen Aege/schnitt) einfiihrt, 

und nach den Transformationen fragt, die es in Ruhe lassen. Diese bilden 

eine kontinuierlichet dreigliedrige Untergruppe und sollen Bewegungen genannt 

werden. 


* Es ist das Kontinuum, mit dem man es in der Theorie der Funktionen einer komplexen 
Veriinderlichen zu tun hat. Man kénnte es vielleicht besser als sphdrisch bezeichnen. Ebenso 
berechtigt wiire dann aber, wie wir noch sehen werden, der Name pseudosphdrisches Kontinuum. 
In unserm Zusammenhang ist die im Text eingefiihrte Bezeichnung vorzuziehen. 

+ Durch £ soll, wie iiblich, der zu £ konjugiert-komplexe Wert bezeichnet werden. 

{Es ist zweckmiissig, als gemischt nur solche Gruppen zu bezeichnen, deren Erweiterung ins 
komplexe Gebiet noch gemischt ist. 


| 
] 
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Der absolute Kegelschnitt besitzt Der absolute Kegelschnitt besitzt 
keine reellen Punkte : reelle Punkte : 
+ + = 0. — — = 0. 
Elliptische Bewegungen : Hyperbolische Bewegungen: 


Dabei bedeutet : 
+ a, €, + 4,0, + 


Das benutzte System komplexer Zahlen ist 


Erste Gestalt der Quaternionen Zweite Gestalt der Quaternionen 


(Hamiltonsche Quaternionen). (vgl. § 2). 
Die Transformationsdeterminante hat den Wert: 


+ + + (a5 + — — 
Sie ist stets positiv. Sie kann das Vorzeichen wechseln. 

Di Gruppe de ree nr elliptisch: Die Gruppe de reellen hyper- 
Bewegungen bildet ein einziges Kon- bolischen Bewegungen umfasst zwei 
tinuum. getrennte Kontinua: 

1) Ligent- 
liche Bewegungen. 

2) a2 + a? — a2 —a2 <0. Uneigent- 


liche Bewegungen.* 


B. Entsprechende Uberlegungen stellt man fiir das zyklische Kontinuum an. 
Ein irreduzibler Areis wird als absolutes Gebilde erklirt.+ Er bleibt in Ruhe 
bei einer dreigliedrigen gemischten Gruppe. Diese heisst Gruppe der Bewe- 
gungenund Umlegungen. Die Bewegungen sind die zyk/ischen, die Umlegungen 
die antizyklischen Transformationen der fraglichen Eigenschaft. 

*Manche Autoren nennen Bewegungen nur die, die wir als eigentliche Bewegungen 


bezeichnen. Unsere uneigentlichen Bewegungen werden 6fter mit den Umlegungen der 


sphirischen Geometrie in Parallele gesetzt, was aber nicht zutreffend ist. 
+ Besser gesagt : Als absolutes Polarsystem wird das mit einer gewissen (nicht semidefiniten) 


biniren Hermiteschen Form verbundene erklart. 


| 
& 
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2. Pseudosphirische Geometrie : 


0 


Es folgen jetzt unmittelbar folgende Satze : 


Die Gruppe der sphidrischen Bewe- Die Gruppe der pseudospharischen 
gungen ist holomorph zur Gruppe der | Bewegungen ist ho/omorph zur Gruppe 
elliptischen Bewegungen. der hyperbolischen Bewegungen. 

Die Gruppe der sphirischen Bewe- Die Gruppe der pseudosphiarischen 


gungen und Umlegungen ist mero- Bewegungen und Umlegungen ist mero- 
morph zar Gruppe der elliptischen morph zur Gruppe der hyperbolischen 
Bewegungen. Bewegungen. 


Der Meromorphismus kommt dadurch zustande, dass der Identitat zugeordnet 
wird die ausgezeichnete Transformation 


die beide Blatter der Ebene vertauscht. 

Ein wesentlicher Unterschied zwischen sphirischer und pseudosphiirischer 
Geometrie besteht in Folgendem : 

Die vierte Koordinate x,, durch deren Einfiihrung aus dem Punkte : 


des projektiven Kontinuums die beiden iibereinander liegenden Punkte 


Hy 3H, 2 und 2, 


des zyklischen Kontinuums hervorgehen, ist im sphérischen Falle stets reell ; in 
der pseudosphirischen Geometrie indessen nur, solange «x? — x? — x? nicht 
negativ ist. 

In der pseudosphiirischen Geometrie sind als reell (ausser den Punkten des 
absoluten Kyreises) nur zu bezeichnen die Punkte des doppelt iiberdeckten 
“ zugdnglichen” Gebietes. 

Wiihrend also die sphiirische Ebene das ganze zyklische Kontinuum erfiillt, 
besteht die pseudosphiirische Ebene, die denselben Zusammenhang besitzt, 
nur aus den Punkten einer doppelt ziihlenden kreisférmigen Scheibe, deren 
Riinder zusammenhiingen. 


§ 10. Parasphirische Geometrie. 


Wir stellen jetzt die Frage, was fiir eine Geometrie entstehen wiirde, wenn 
man das unzugingliche Gebiet der hyperbolischen Ebene doppelt iiberdeckt, 
wobei wieder der absolute Kegelschnitt Verzweigungsmannigfaltigkeit sein soll. 


Wir definieren eine vierte Koordinate x, jetzt durch die Gleichung 


q 
| 
| 
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Der absolute Kreis besitzt keine reellen | Der absolute Kreis besitzt reelle Punkte: 
Punkte : | 


=0. 


Sphirische Bewegungen: | Pseudosphirische Bewegungen: 
= (4, + ia, )E,+ (a, + ia, & =(4,—2,)& +(4,+2,)&, 
=(— 4, + ia,) +( a, — ia, )&,. =(a,—4,)& + (4 + 2, )&,. 
Sphirische Umlegungen: Pseudosphirische Umlegungen : 
=(— ia, ) (% = (4, a,) (4, + a,)E,, 


=(—4,+ ia,) E, + (—a, + ia, =(a,—4,)&, + (a, + a,) &,. 


Die a,(i = 0,1, 2,3) sind ree// zu nehmen. 

C. Man stellt sich jetzt die Aufgabe, den Punkt & des zyklischen Kontinuums 
durch vier reelle homogene Koordinaten 80 darzustellen, dass der 
absolute Kreis der sphiirischen (pseudosphirischen) Geometrie iibergeht in den 
absoluten Kegelschnitt der elliptischen (hyperbolischen) Geometrie, dass ferner 
iibereinander liegende Punkte beider Blitter der Ebene dargestellt werden durch 
die Systeme : 


om 
B, Be und — — — 


Zwischen den w besteht dann eine quadratische Relation; das absolute 
Gebilde erscheint als Verzweigungsmannigfaltigkeit.* Setzt man jetzt : 


ly + UX, +H, 0, + 


so ergeben sich die einfachen Formeln : 


Bewegungen : Umlegungen : 


Bei Benutzung der ersten (zweiten) Gestalt der Quaternionen erhilt man die 
sphiirischen (pseudosphiirischen) Bewegungen und Umlegungen. 

Die » hiingen mit den & und unter sich durch folgende Gleichungen zusam- 
men 


1. Sphirische Geometrie : 


3 


* Diesen Sachverhalt verkennt Hr. F. KOLMEL: Bewegungen und Umlegungen der Ebene bei 
projektiver Maassbestimmung, Lahr bei Schauenburg, 1900, pag. 18. Wir weisen darauf hin, da 
Hr. KOLMEL seine Behauptung, der absolute Kegelschnitt sei ebenfalls doppelt iiberdeckt, 
halten zu kénnen glaubt. Auch in einer Strassburger Dissertation [A. MAGENER, Anallagma- 
tische Punktkoordinaten im Kugelgebiisch und ihre Anwendung auf die Nicht-Euklidische Geometrie, 1906] 
werden tatsiichlich bestehende Unterschiede verwischt. Der Verfasser hiilt es fiir unzulissig, die 
Punkte der von ihm zusammengefassten Punktepaare einzeln zu betrachten (!) 


3 
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Ein Punkt 2,: 2, 


wir sagen wollen) kann dann durch zwei ree/Je Parameter (, «) in folgender 


:”,:@, dieses Kontinuums (der parasphirischen Ebene, wie 


Weise dargestellt werden. 
— Wy = Ay My — My ALM, — ALM, My 


Die “ parasphiiriscken Bewegungen und Umlegungen ” werden, wenn man 
sich der Koordinaten x bedient, durch genau dieselben Gleichungen geliefert, 
wie die pseudosphiirischen : 


In den Parametern (2, ~) lauten sie: 
(a) + a,)r, + (a, — a) ry, = + %) + (4 — ) Hes 


1, = (4, + @, )r, + (% — = (4, + + (% — 
(Bewegungen 


— 


= (4, + ) + (% — Mes = (4, + at, ) A, + (4, — 4%, )A,, 


(Umlegungen) 


Die Ubereinstimmung ist aber nicht nur formal; die parasphiirischen 
Bewegungen und Umlegungen unterscheiden sich von den pseudosphiirischen 
vielmehr nur durch die Objekte, niimlich durch die verschiedenen Ungleichungen, 
denen die zu transformierenden Veriinderlichen zu geniigen haben, wihrend die 
Transformationsformeln dieselben sind. 

Diese Ubereinstimmung erstreckt sich aber nicht mehr auf umfassendere 
Gruppen. Die parasphiirischen Bewegungen und Umlegungen lassen sich 
nimlich zu einer sechsgliedrigen Gruppe erweitern, ( parazyklische Gruppe) 
die von der Moesiusschen, von uns zyklisch genannten Gruppe ganz verschie- 
den ist. 

Die zyklische Gruppe ist nimlich holomorph zu folgender Gruppe : 


Zyklische Transformationen. Antizyklische Transformationen. 


Dabei hat man x? + #? + #2 +a2=0 zu setzen und sich der ersten Gestalt 
der Quaternionen zu bedienen.* 


Wiihlen wir nun wieder die zweite Gestalt der Quaternionen, setzen jetzt aber 


2 


* Deutet man die x in den letzten Gleichungen als homogene Punktkoordinaten im R,, so 
stellen diese Gleichungen die Gruppe der elliptischen Bewegungen und Umlegungen dar. Doch 
ist der Zusammenhang dieser Gruppe mit den sphiirischen (pseudosphiirischen) Bewegungen und 
Umlegungen viel komplizierter als bei den entsprechenden Verhiiltnissen der parazyklischen 
Gruppe, wie wir hier nicht niiher ausfiihren kénnen. 


E 
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so liefern die Gleichungen die parazyklische Gruppe, die in den (A, #) durch 
die Gleichungen (9) und (20) ausgedriickt wird. Die beiden Transformations- 
scharen der Gruppe werden konsequent folgendermassen benannt : 
a-2-B, = a-x-B. 
Parazyklische Punkttransforma- Antiparazyklische Punkttransforma- 
tionen. tionen. 


Dem Aufbau der zur parazyklischen Gruppe gehorigen Geometrie stehen 
Schwierigkeiten nicht entgegen. Man wird es aber als Mangel empfinden, dass 
sie sich im unzugiinglichen Gebiet abspielt. Diesen Mangel beseitigt die abso- 
lute Korrelation, indem sie aus der Gesamtheit der doppelt iiberdeckten unzu- 
ginglichen Punkte hervorgehen liisst die Gesamtheit der doppelt tiberdeckten 
zugiinglichen Geraden. Die doppelte Uberdeckung des Geradengebietes voll- 
zieht sich nun vermdge des Orientierungsprozesses; die Gerade wird durch 
zwei eigentliche Pfeile ($1) ersetzt. Die Pfeilkoordinaten ($1) ergeben sich 
einfach : 

Die Pfeilgeometrie erweist sich somit als Bild einer Punktgeometrie, die an 
und fiir sich wenig Interesse zu bieten schien, andererseits aber, obwohl sie 
nicht die reelle Euklidische Geometrie zur Grenzlage hat, doch eine L iicke der 
vorhandenen Systeme Nicht-Euklidischer Geometrie ausfillt.— 

Unsere Pfeilgeometrie ist ferner eine von drei zusammengehorigen Disziplinen, 
die als elliptische, hyperbolische und Euklidische Pfeilgeometrie unterschieden 
werden kénnen. Die hier allein behandelte wiirde als hyperbolische zu bezeichnen 
sein. Zur elliptischen Pfeilgeometrie gelangt man durch folgende Uberlegungen : 

Man kann auf der Kugel eine gegenseitig-eindeutige Zuordnung vornehmen 
zwischen den Punkten und den orientierten Hauptkreisen. Irgend ein Punkt 
liegt zu dem ihm entsprechenden orientierten Hauptkreis so, wie der Nordpol 
der Erdkugel zu dem von West nach Ost durchlaufenen Aequator. Gehen wir 
nun durch Zentralprojektion zur projektiv abgeschlossenen und dann doppelt 
iiberdeckten Ebene iiber, so werden die orientierten Hauptkreise zu orientierten 
Geraden, Pfeilen. Ein Pfeil kann dann also durch einen homplexen Parameter 
dargestellt werden. Dieses e//iptische Pfeilkontinuum besitzt aber ganz anderen 
Zusammenhang wie das hyperbolische. Es gibt keine Verzweigungsmannig- 
faltigkeit. Ein Analogon zu den Punktpfeilen gibt es (im reellen Gebiet) 
nicht. 

Die Gruppe der zyklischen Punkttransformationen geht iiber in eine Gruppe 
von zyklischen Pfei/transformationen. Die Formeln sind eben nur anders 
zu deuten. 

Als Bewegungen und Umlegungen sind zu erkliren diejenigen zyklischen 
bezw. antizyklischen Pfeiltransformationen, die entgegengesetzte Pfeile wieder 
in_ebensolche tiberfiihren. 


tae 
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An die Stelle der bilinearen Formen in Pfeilparametern, deren Nullstellen in 
der hyperbolischen Pfeilgeometrie die Zykeln lieferten, treten binire Her- 
mitesche Formen. Den definiten Formen entsprechen nu/lteilige Zykeln, d. i. 
solche, die keine reellen Pfeile besitzen. Von den reduziblen Zykeln ist nur 
der Mittelpfeil iibrig geblieben. 

Verloren geht die Umkehrbarkeit der Beziehung zwischen Bewegungen und 
irreduziblen Zykeln. Ebenso verschwindet der Begriff: Parallelismus von 
Pfeilen und die daraus folgenden Tatsachen, z. B. auch die einfache Konstruk- 
tion der Spiegelung am Zykel. 

Man darf daher wohl die hyperbolische Pfeilgeometrie als die interessantere 
erkliren. 

Beide Pfeilgeometricen lassen sich nun ins komplexe Gebiet fortsetzen. 
Diese ihre Erweiterungen lassen sich dann geradezu identifizieren, wie wir noch 
kurz andeuten wollen. 

Hyperbolische Geometrie : Elliptische Geometrie : 

Absoluter Kegelschnitt reell mit Absoluter Kegelschnitt reell ohne 
reellen Punkten. reelle Punkte. 

+ a5 = 0, 


wobei der Parameter \,:A, jetzt alle méglichen homplexen Werte durchliuft. 

Gehort der Punkt y des absoluten Kegelschnitts zum Parameterwert p, : ,, so 

kann der komplexe Pfeil mit dem Anfangspunkt « und dem Endpunkt y darge- 


stellt werden durch die Koordinaten : 


A, — Ay — (ALM, + Ay My) My — Ay My My + A, My» 
0. 


Ay My Ay Ay My? Ay My) My + Ay Hy» 


1 


Die beiden Kontinua komplexer Pfeile lassen sich nun durchaus eindeutig- 
umkehrbar aufeinander abbilden, am bequemsten dadurch, dass man solche 
Pfeile einander zuordnet, die zu gleichen Parameterpaaren 4, gehdren. 
Wir erkliren nun: Ein Pfeil heisst ree//, wenn seine Aoordinaten reell sind, 


d. i. 

Par: » | quan Pan » 
wenn seine Larameter eizeln ree wenn seine Parameter entgegengesetzt, 
sind : reziprok und konjugiert-komplex sind: 


A,A,—A,A,=9, — = 0. +r, =O. 


Kontinuum der reellen Ayperbolischen Kontinuum der reellen  elliptischen 
Pfeilgeometrie. Pfeilgeometrie. 


4 
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Man erhiilt nun noch ein drittes ebenes Pfeilkontinuum, indem man nur die 
eigentlichen Geraden der Ebene doppelt iiberdeckt und den so gewonnenen 
eigentlichen Pfeilen die wneigentliche (unendlich ferne) Gerade als wneigent- 
lichen Pfeil hinzufiigt. Die zugehorige Geometrie mit siebengliedriger Gruppe 
umfasst die elementare Euklidische. Das neue Pfeilkontinuum darf daher als 
Euklidisches bezeichnet werden. Es hat den Zusammenhang eines einteiligen 
irreduziblen Aegels zweiter Ordnung. Auf weitere Mannigfaltigkeiten, die als 
zur Euklidischen Geometrie gehérige Pfeilkontinua erklirt werden konnen, 
wollen wir hier nicht eingehen. Das hier erwiihnte findet man behandelt in der 
Dissertation von W. BLascHKE.* 


$11. Die aequidistanten Pfeiltransformationen. 

Um den Zusammenhang zwischen der Morgpiusschen Geometrie und der para- 
zyklischen bis zu einem gewissen Grade zu erschopfen, werfen wir noch einen 
kurzen Blick auf die Differentialgeometrie im Pfeilgebiet der hyperbolischen 
Ebene und zeigen das Vorhandensein einer wnendlichen Gruppe von Pfeiltrans- 
formationen, die dieselbe Rolle spielt, wie in der Morsrusschen Geometrie die 
konforme Gruppe. 

Wir fiihren inhomogene Pfeilparameter ein : 


Dadurch erleiden die folgenden Entwicklungen Einschrankungen, mit deren 
Angabe wir uns aber nicht aufhalten wollen. 

Ein Pfeil (A, schneidet einen benachbarten (A + dA, du), wenn 
du: dX positiv ist. Zwei dem Pfeil (A, benachbarte Pfeile (A + 
und (A+ bestimmen eine Strecke 7: 
tgh » = + 

l 2 2 1 

Ist d,u:d,r»>0,d,u4:d,rX> 0, so ist » die Linge der Strecke, die auf dem 
urspriinglichen Pfeil von den beiden benachbarten abgeschnitten wird. 

Fir d,u:d,% <0, d,u:d,r <0 bestimmt jeder benachbarte Pfeil mit dem 
urspriinglichen eine gemeinsame Normale ; 7 ist dann der Abstand dieser beiden 
Geraden. 

Ist endlich d,u:d,%> 0, d,u4:d,% <9, und bezeichnet 7 den Abstand des 
Schnittpunktes (A, w; A, +d,A, von der gemeinsamen Normalen 
(A, w:A+d,A, 4+ dp"), so ist 

d, xr d,X -d, 


*W. BLASCHKE, Untersuchungen iiber die Geometrie der Speere in der Euklidischen Ebene ; 
Monatshefte fiir Mathematik und Physik, 21. Jahrgang (1910). Herr BLASCHKE 
war so liebenswiirdig, zu unserm Aufsatze die Figuren zu zeichnen. 
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Man erhilt nun sofort den interessanten Satz: 
Jede Pfeiltransformation 


N= F(A), (parakonforme Transformation) 


die a-parallele (w-parallele) Pfeile in ebensolche iiberfiihrt, ebenso jede Pfeil- 
transformation 


N= w= (AX), (antiparakonforme Transformation) 


die a-Parallelismus und o-Parallelismus vertauscht, ist aequidistant. 

Dabei bedeuten F/’ und ¢ irgend welche differenzierbaren Funktionen von X 
bezw. «; aber sie miissen umkehrbar sein, d. i. es miissen durch die beiden im 
letzten Satze angegebenen Gleichungen wirklich nicht-ausgeartete Transforma- 
tionen geliefert werden. Diese Transformationen lassen also den Abstand 
zweier Punkte (Punktzykel) invariant. 

Man kann die eben erklirte, »arakonforme Gruppe noch anders darstel- 
len, wobei der Zusammenhang mit der konformen Gruppe evident wird. 

Dazu bedienen wir uns eines komplexen Zahlsystems in zwei Haupteinheiten 
e, und e, , dessen Multiplikationsregel durch folgende Gleichungen definiert ist : 


e? = ¢,, me, -e, = 0, 


Dann bilden wir aus Pfeilparametern die komplexen Zahlen 
z2=A-€, + Z=p-e,+d-e,, 
deren zweite als zur ersten konjugiert-komplex bezeichnet werden darf. Funk- 


tionen dieser komplexen Variabeln werden definiert als Summen von Potenz- 
reihen. Dann liisst sich die parakonforme Gruppe einfach schreiben : 


z= f(z), f(z). 
Auch diese Schreibweise wollen wir noch etwas modifizieren. Setzt man 
nimlich 


=€, 2n=A— 


so erhalten wir: 
Parakonforme Transformationen. Antiparakonforme Transformationen. 


e=+1. 


Ebenso wie die konforme Gruppe von Punkttransformationen winkeltreu ist, 
ist also die parakonforme Gruppe von Pfeiltransformationen in gewissem Sinne 
liingentreu. 

In der elliptischen Pfeilgeometrie gedeutet, ist die konforme Gruppe aber 


ebenfalls liingentreu. 


j 
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Ein korrekter Ausbau dieser hier nur oberflichlich gestreiften Dinge bietet 
keinerlei Schwierigkeiten. Bemerkt werden muss aber, dass die Benutzung der 
hier aufgetretenen komplexen Grossen nicht immer vorteilhaft ist. 

Wir koénnen jetzt die Pfeilgeometrie in ihrer ganzen Struktur erkennen und 
stellen die aufgetretenen Gruppen denen der Morsrusschen Geomeirie gegeniiber. 


2. oo” konforme Gruppe. 2. co” Parakonforme Gruppe. 
Konforme Parakonforme 
. Trsf. | Trsf. 
Antikonforme Antiparakonforme 
2. 0° Zyklische Gruppe. 8. 00° Parazyklische Gruppe. 
Zyklische Parazyklische 
Antizyklische | Antiparazyklische { 
o* 3.2. 4. 23 


Sphirische Geometrie. Pseudosphirische Geometrie. Parasphiirische Geometrie. 


Bewegungen Bewegungen Bewegungen 
Umlegungen Umlegungen Umlegungen 
> ¥ 4 
2. 
Elliptische Geometrie. Hyperbolische Geometrie. 
Bewegungen Bewegungen 


Die aequidistanten Transformationen der Euklidischen Ebene konnen aus der 
parakonformen Gruppe durch einen Grenziibergang erhalten werden. Die 
fragliche unendliche Gruppe ist von Herrn G. ScHEerrers bestimmt worden ; 
sie fiihrt auf das dritte System komplexer Zahlen in zwei Einheiten, welches 
von Herrn E. Stupy in der Geometrie der Dynamen verwandt ist. 


HANNOVER, 2. Mai. 1909. 
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VECTOR INTERPRETATION OF SYMBOLIC DIFFERENTIAL 
PARAMETERS 
BY 


LOUIS INGOLD 


I. INTRODUCTION. 


The purpose of this paper is to establish a relation between the symbolic 
theory of invariants of differential forms, due to the late Professor MascnKeE,+ 
and the theory of extensive quantity (vectors), due to GRASSMANN. } 

It will be shown that those symbolic expressions used by Mascuke which 
lacked an interpretation in his theory, may be represented as vectors of the 
GRASSMANN type, and that all of Mascnke’s expressions, including his actual 
differential parameters, are expressible in the vector system. The theory of 
such vectors will be extended, new formulas in the symbolic theory will be 
obtained and applications to geometry will be made. 

A preliminary section on space of two dimensions is given, in order that the 
well known geometric representation of vectors in two dimensions may serve as 
a basis for a compact treatment of the general theory. 

The general theory is stated for three dimensions in concise form, proofs 
being omitted when their details are simple extensions of the two dimensional 
vase; the obvious generalization to Euclidean space of n dimensions is then 
indicated. 

The less obvious extension to surfaces in three dimensions and, generally, to 
arbitrary k-dimensional spaces imbedded in an Euclidean space of n dimensions 
is treated in more detail. This involves an application of the GRassMANN 
theory to non-uniform spaces and furnishes an example of a vector system based 
on variable units. 

The paper closes with a section dealing with differential parameters which 
involve second and higher derivatives of the symbols. 

* Presented to the’Society (Chicago), March 30, 1907, in somewhat different form, under the 
title : Vector theory, in terms of symbolic differential parameters. 

+ MASCHKE, A Symbolic Treatment of the Theory of Invariants of Quadratic Differential Quan- 
tics of n Variables, Transactions of the American Mathematical Society, vol. 4 
(1903), pp. 445-469. 

tH. GRASSMANN, Ausdehnungslehre, 1862. References are to GRASSMANN’s collected works 
edited by F. ENGEL. 
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Il. THe Two-DIMENSIONAL CASE. 
1. Comparison of the properties of vectors and symbols. Given any binary 
quadratic differential form, 
(1) A= E(x, y) da’? + 2F (a, y)dady + G(x, y)dy’, 
Maschke replaces the form by a symbolic square 
(2) A=([f, (a, y)dy|** 
and writes symbolically 
In the special case = G=1, = 0, the differential form represents the 
square of the element of length in a plane; we have then 
(4) A=ds = dx’? +dy=(f,de+f,dy), 
where f,, and f,,, are constant, and where 


(5)  fyfo=9, £3 =1. 


The formulas (5) suggest the properties of so-called inner multiplication of a 
set of unit vectors ina plane. Thus if e, and e, are unit vectors along the x- 
and the y-axis respectively, and if a = a,e, + a,e, and b= b,e, + b,e, are any 
vectors, the inner product is 


(6) [a | = a,b, .+ 

Then for inner multiplication 

(7) Lele J=er=1,  [eleJ=e;=1, [e,/e,] =[e,je,] =9. 
On account of this agreement, the Muschke symbols f,, and f,,, may be 


* MASCHKE, loc. cit., p. 448. 
The general quadratic differential form 


n 


aydzidr 


t,j=1 


in variables 7, 22, is replaced by [ fa) dri +- fiz) dr2 +---+ fin) drn]?, s0 that symboli- 
cally fii f:;= ay ; for the special differential form 


n 


x 
i=1 
these equations become 
(0, i+); 
Siofin= 4 
fis (1, i=j. 


7 The inner product is also defined to be abcosab, where a means the length of a, i. e., 
V aj +az,b=YV + 63, and ab is the angle between aand 6. This definition is equivalent 
to the one given in the text. 
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thought of as a set of unit vectors e, and e,, the multiplications in (5) being 
inner multiplications. 

It will be shown later that this correspondence of properties persists between 
the Maschke symbols and the vectors of Grassmann’s theory in space of » dimen- 
sions, every essential property being identical in the two cases. 

We proceed just now to show that many — in fact all—of the various sym- 
bolic expressions used by Maschke for two dimensions have a meaning in the 
vector theory, if we set f,, =e, and 7, =e, as suggested above; and that the 
relations existing between his symbolic expressions correspond to geometric 
relations. 

2. Notations. It is found convenient in the symbolic theory to introduce 
other symbols, ¢,,,, ¢,,, equivalent to /,,, f,,, in the sense that 


according to equations (3). With theaid of two sets of symbols, /,,, 
expressions quadratic in the /, #’, G may be represented symbolically; thus, 


When convenient, still other symbols are introduced, equivalent to f and ¢, 
in the sense described above. It is agreed, however, that no more than two 
symbols of the same kind shall occur in the same product, and that in every 
product two symbols of like kind, i. e., two /’s or two ¢’s, etc., occurring as 
factors are to be interpreted according to equations (3) [or equations (5) in the 
special case we are now considering]. Otherwise the symbols are subject to 
the same laws as ordinary algebraic quantities. The discriminant /G — F’°? of 
the general quadratic form (1) is denoted by 1/8°.* In general, 8 is a fune- 
tion of « and y; but 8 =1 for the special differential form (4). 

The symbols f,,,, ,, were regarded by Maschke as partial derivatives of a 
symbolic function f(a, y), so that = Of/Ox, f,, = 

In the special case (4), since f,, and f,, are constant we may write 
thoy: 

The Jacobian 


Ga, 


of any two functions Y and V is of frequent occurrence and will be denoted 
“jeflv 
briefly by {U, V 


. Still more frequently occurs the expression 8 {U, V}, 


*This notation is also used for the discriminant of the quadratic differential form in n 
variables. 


{In general throughout this paper, subscripts in parentheses will denote partial differentia- 
tion. Thus U(x, y) being any function of x and y, Ua) = 6U/éx, U2, U/éy. This differs 
slightly from the notation of MASCHKE, as he used subscripts without parentheses. 

Trans, Am. Math. Soc. 30 
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B being defined as above; this expression is denoted by (U, V); for our 
special case, since 8 = 1, we have (U, V) = {U, V}.* 

If Uand V are invariants of the differential form then (U, V) is again an 
invariant. 

3. Differential parameters involving linear functions. Consider the system 
of straight lines 

a(v,y)= ay — = const. 
parallel to the vector 
a=a,e,+ @,@,. 


Since =e, and f,, = e, we may write a= 

Hence, if a is any linear function, the differential parameter (f, a) may be 
interpreted as a vector parallel to the system of straight lines a = const. 

In particular, (f, = e,, = e,. 

Other differential parameters expressed in symbolic form are (7, @)(7/, 6), 
(7, 6) (Ff, 6) 6), where a and are functions of 
and ¥, and f and ¢ are symbolic functions of the differential form. We pro- 
ceed to find their vector meaning when a and b are linear. 

The product (7, @)(7, 6), when expanded, equals a,b, + a,b,, where as 
above a =a,y—a,x, and b= by — b,x. 

Comparing with the definition, p. 450, we see that this result is the inner 
product of the two vectors a= a,e, + a,e, and b=b,e, + b,e,. The product 
when expanded, equals —f,,¢,+ f,,4,. Interpreting as 
before, we see that this is a vector perpendicular to a= (/, a); with Grass- 


mann we call this the complement § of the vector a and denote it by |a; thus 


(>, 


Finally the expression || 
Cf, (6, 6) =(a, 6) =4,b,— a,b, 


is the so-called outer product { of a and 6b. 

4. Differential pavameters involvipg arbitrary functions. We investigate 
now the meaning of these same differential parameters when the functions @ and } 
are arbitrary functions of # and y. 

The equation of the tangent to the curve a = const. at a given point x,, y, on 


* The same notation is used in the n-dimensional case ; {a,, ---, a} represents the Jacobian 
of the functions a,(7,, tu), Qn(%4, °°", and (a,,-++, an) = an}. 

t For definitions of ‘‘ Invariant of a differential quantic,’’ ‘‘ differentia] parameter,’’ etc., see 
MASCHKE, loc. cit., p. 446. 

t Notice that aj) = = — an, and aw) = da/oy—a1. 

§ For the general definition of complement see p. 457. 

| Cf. MASCHKE, loc. cit., p. 453, equation (34). 

The outer product [ a, 6] of two vectors is usually defined to be A - B-sin ab, where A and 
B are the lengths of aand 6. This is easily seen to be the same as a, b, —a,}y,. 
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Ca Ca 
) +y ( ) const., 


the curve is 


or 

r[a,, | +yl[a ] = 
Let 

L=zx[a,], +yfa 
then 


(f, L) = (S54) =Siyl Ge — 


but, by Art. 3, (7. Z) is directed parallel to the straight lines Z = const., and 
these straight lines are parallel to the tangent of that curve of the system 
«a = const. which passes through the point 7,; hence we have 

TueoreM I. Jf the symbols f,,, f.,, of the differential form dx? + dy? are 
interpreted as unit vectors along the x- and y-axes respectively, then the sym- 
bolic differential parameter (f', a) may be interpre ted asa vector function of 
position, tangent at each point of the plane to the curve a= const. which 
passes through that point. 

As in the case where « and were linear, the product may be 
regarded as the inner product of the two vectors represented by (7, @) and 
(7,6). The expression (¢, @) represents a vector perpendicular to 
(7, @) and therefore normal to the curve @=const.; and the expression 
(7, 6)(f, 4)(, ©) is the outer product of the vectors (f, a), >). 

The length * of the vector represented by @) is 


Vf, @)? = Vaz) + 


The angle @ between two curves, a = const., b = const., is given by + 


(fa) 6) a,b, 
cos = = = 
vf, ay V(b, + + OF, 
or by t 
sin 0 = = % 


vf, a) V(b, Va? + + 07, 


5. Change of variables. We obtain greater generality for the plane by 

changing to curvilinear coordinates. Let us make the substitution 
u=u(x,y), 
we have then 
du dx + u,,dy, dy = v,,, dx + v,,,dy. 

* Cf. p. 450, second footnote. 

TCE p. 450, second footnote. 

{ Cf. p. 452, last footnote. 
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Solving for dx and dy, we have 


v,,.du —u,,,dw u,, dv —v,,du 


le = . = ly = 
(u,v) oy (u,v) 


Substituting these values in the expression for ds, we have 


(f; v) u,f 
= 
(u,v) (u,v) 
By Theorem I, the coefficients of du and dv represent vectors tangent at any 
point w,, v, to the curves v = const., u = const., respectively. 
Suppose that the vector function f(#, y) transforms into the vector function 


(8) = 


t(u,v); we have 


Say ba May + be) %ays Say May + 


Solving for ¢,, and ¢,,, we have 


(f, v) (uw, f) 
(9) = (u,v)? (u,v) 


The quantic giving length of are 


ds? = (Ki dx. +f, dy y = dx” + dy’ 
transforms into 


(10) (t,,du+t.dvy = Edw’ + 2Fdudv + Gdr’*, 


where ?,= t,t, =F, G, so that the function v) into which 


J(«, y) transforms is a symbolic function of the transformed differential quantic ; 
hence 

THeoreM II.* Jf A = Edu’? + 2Fdudv + Gdv* is the differential form 
giving length of arc in a plane, the parameters u and v being arbitrary, then the 
derivatives t,., t, of a symbolic function of the form A may be interpreted 
as vector functions of position, of length VE, VG, respectively, tangent at 
each point of the plane to the parameter curves which pass through that point. 


This gives rise to a vector system based on two units, 


tangent to the parameter curves v = const., uv = const., respectively ; these units 
are themselves variable from point to point, both in length and in direction. 


Again, remembering the factor 8 = (LG — F)—, we have 


(11) (f, a)=(¢, a), Cf; a)(f; b)=(t, a)(t, etc., 


where the expressions on the right involve derivatives with respect to # and 


* Cf. Theorem V. 
+Since (f, a), (f, 6), ete., are invariant expressions. See MASCHKE, loc. cit., p. 449. 
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y, while the expressions on the left involve derivatives with respect to u and v. 
These expressions, therefore, have always the same geometric interpretation, 
even when the parameters u, v are changed. In particular, the expression 


(t, 7)(t, a), where ¢ and 7 are equivalent symbols of the quantic 
Edw + 2Fdudv + Gd’, 


still represents the complement of the vector (¢, @), so that in this notation the 


operation of taking the complement is invariant.* 


III. Vecrors THREE Dimensions; AXIOMS. 


6. Fundamental notions. In order to extend the preceding work to space of 
three dimensions, we shall explain briefly a vector system in that space, following 
in spirit Grassmann. 

Let us start with three mutually perpendicular linear vectors, e,, e,, e,, which 
are of unit length and lie along the three axes ; equivalence of such linear vec- 
tors, their addition and their multiplication follow the rules for two dimensions. 
The expression we, + be, + ce,, where a, b, ¢ are ordinary numbers, represents 
a unique vector defined by these rules, namely, the vector from the origin to the 
point a, b, c, or any parallel vector of equal length; conversely, any vector in 
space is expressible in that form. 

In order to multiply vectors, we may proceed as in ordinary algebra, provided 
the fundamental products of e,, e,, €, in pairs are defined ; we shall introduce 


three of these products ‘ 
(12) E,=[e,,¢,], E,=([e,,e,], E,=[e,, e, ] 


as new units, and call them vectors of the second order. Each may be thought 
of geometrically as a rectangle of which the factor vectors are sides, or as any 
equivalent area on any parallel plane. The other products are defined to be 


(13) [e,, e, ]=—E, =—[e,, e,], [e,,e,]=—E,, [e,, e,] =— E,. 


The products used in (12) and (13) are called outer products. It is to be 
noted that the area of the rectangles mentioned is equal to the product of the 


riven in two 


lengths of the sides into the sine of the included angle,—a rule g 
dimensions on p. 452, footnote. This rule applied to the remaining products gives 


(14) [e,, e, ]=[e,, e,]=[e,, e,]=9. 


The outer product of any two vectors is obtained in terms of E,, E,, E, by 


*The Grassmann definition of complement is given in terms of the unifs. In general (i. e., 
except for special transformations) the complement of a vector referred to a new system of units 
differs from the complement referred to the original units. 
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multiplying algebraically the expressions for the two vectors: thus if 


a= ae, + 4,€, + a,€,, b= be, + b,e,+ b,e,, 
then 
(15) [a@, b|* = (4, b, — a,b, )E, + (a,b, a,b,)E, + (a,b, = a,b,)E,. 


It is usual to represent such a sum as occurs in (15) geometrically by a 
rule for addition of vectors of the second order, similar to the familiar parallel- 
ogram law for linear vectors ; the parallelogram being replaced by a parallelopiped 
determined by the two addenda, and the sum being represented by a diagonal 
parallelogram of the parallelopiped; thus the expression /,E, + k,E, + k,E, 
may be represented by a certain parallelogram, or by an equivalent area on any 
parallel plane. It should be noted that the sign of this-vector is reversed by 
reversing the sense in which the perimeter is directed. It follows that the outer 
product [a, 6] of any two linear vectors may be represented by the parallelo- 
gram which they determine, with its perimeter taken in the direction shown by a. 

The outer product of all three units might be represented in a similar fashion, 
as a vector of the third order ; geometrically, a parallelopiped of edges e,, e,, e,; 
it is more usual, however, to notice that all such vectors in space of three dimen- 
sions are numerical multiples of one another. It is customary, therefore, to 
characterize such a vector solely by the number which expresses its volume; we 


define, then, 


I 


[e,, €,, ] = [e,, €,, ] =1, 


(16) 
[e,, e, | [e,, e,] [e,, e, | =—1. 

The outer product of any three linear vectors can be obtained either by 
algebraic multiplication and use of (16)+ or by computing the volume of the 


parallelopiped determined by the three vectors; thus if 


a=4,e, + @,€, + b=d,e, + b,e, + b,e,, c=C,e, + €,€, + 


then 
a, b ¢, 
(17) [a,5,e]= a, 
a, b, ¢ 


and, using parentheses as equivalent to brackets, we also write 
(18) [a,b,c] =([a, b],¢)=(a, [b,c}). 

On occasion, however, we shall distinguish temporarily 3-dimensional vectors 
from ordinary numbers. 


* Cf. definition for two dimensions, p. 452. 
+ A product in which one of the units is repeated is zero, since the volume of the correspond- 
ing parallelopiped is zero. 
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7. Complements; regressive and inner products. Let E be the outer 
product of several of the unit vectors; we define the complement of E, 
written | E, to be the outer product of the unit vectors not used in forming E, 
with a sign such that [ E, |E]=+1. 

It follows * that |E =[E”, E*-*] where is the outer product 
of the unit vectors not used in forming E“’, taken in any order. 

The complement of any linear function of several vectors is defined to be the 
same linear function of their complements ; thus f 


(18) |(A,£, + 4,E,) = A,|E, + A,|E,. 


The outer product of two vectors A, B has been defined only for the case in 
which the sum of the orders of A and B does not exceed three. In case this 
sum is greater than three, the sum of the orders of |A and |B is less than 
three; hence in this case [|A, |B] is defined. In terms of this product we 
define [A, B]. 

Definition. If the sum of the orders of A and B exceeds three, then the 
outer product [A, B] is a vector, C, such that |C = [|A, |B]; in this case 
the product is called regressive ; when the sum of the orders of the factors 
is less than three, the product is called progressive ; both are called outer 
products. 

Definition. The outer product ¢ [ A, |B] of a vector A and the complement 
of another vector, B, is called the inner product of A and B.§ 

8. Vector formulas. The following formulas enable us to determine the 
vector represented by a given regressive product. First we consider the regres- 
sive product of two units of the second order ([ e,, e,|, [e,,e,]). We have 
by definition 


= —[e,,e,, e,]*[e,,e,] = [e, e, ]. 
This by definition is the complement of [e,, e,, €, ]e,; hence 
(19) (Le,,e], Le, e,]) = Le, e, 
Next consider the product ([e,, a], [e,;, e, ]) where a = a,e, + a,e, + a,€,. 


* Capital letters in black face type will be used to denote vectors of any order. If it is desired 
to specify the order an upper index in parentheses will be employed ; thus E’ means a vector of 
the i-th order. Small black face letters invariably represent linear vectors. 

{ From the defipition of complement and formula (18) it follows that | (|A ) tA. 

{It is customary to omit the comma and regard the complement sign | as the sign of inner 
multiplication. 

§ This definition, and others of this section are in accord with the corresponding definitions 
for two dimensions in Art. 2. The definitions as stated here are at once extensible to n 
dimensions. 

| We have here assumed i, j, k all different, but the formula holds if any two, or if all three 
are equal, for in that case both sides reduce to zero. 
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Substituting this expression for a we have 


20) 
( +a,([e,,e,], [e,¢e,]) = a([e,, e,|, [e,, ¢,]) =[e, Je,. 


Continuing we find, for any three vectors, a, 6, c, 
(21) (La, 6], [a,c])=[a, b, e]a. 

Formulas (19) and (20) are special cases of (21). 

We are now able to see the geometric meaning of a regressive product [ A, B] 
in ease A and B are vectors of the second order ; let the planes in which A and 
B are supposed to lie be produced to meet, and let a be a vector in their line of 
intersection ; then, by properly choosing 6 and ¢, we may write A = [a, 5] 
and B=[a,c]. By (21), then, we see that [A,B] is a vector of the first 
order lying in (or parallel to) the line of intersection of the planes of A and B.* 

The inner product of two vectors 

a=) 4,¢,, b=) 
i=l i=l 
may be found by applying the definition and multiplying out algebraically ; thus 


(22) = a,e., > ile, | =([e,, e,, > ab,=a,b,+4,b,+ a,),. 
s=1 ed 


i=l i=1 


This is seen to be the extension to three dimensions of the definition of inner 
product given on p. 450. 
Again, the inner product ([a, 5} |c) may be found similarly to be 
( a,b, — a,d, C,€,— ¢,€,) + (4, b,— a,b, C,€,— ) + ( a,b, — a,b, )( ¢, e,). 
If the inner product of this vector and a vector 
d = Zz d, e. 
i=l 


be formed, the result is 
({a, 6} 
+ (a,b, —a,b,)(¢,d,—¢,d,) + (a,b, — 4,5,)(¢,d, — c,d.) 
and this same result is found for the inner product (La, 6]|[e,d]); hence 
(23) (La, 6] |[e,d]) = \([a, 


We proceed to obtain certain other fundamental formulas: let a, 6, ¢ be any 
three independent linear vectors, and d any other linear vector. Then we may 


*In n dimensions if the product [A, 8] is progressive, it represents a vector in the least 
space containing A and B; if regressive, a vector in the greatest space common to A and B. 
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write 
d =la + mb + ne, 


where 7, m, n are ordinary numbers. To obtain 7, m, n, take the outer 
product of d with [a, b], [b,c], [¢, a], respectively. We thus obtain 


(24) [a, b,d]=n[a, b,c], [b,¢,d]=l[a, b,c], [e,a,d]=m [a, b,c}: 


hence 


[b,c,d] [e,a,d] _ b,d} 
Again, taking the outer product of d with c, we have 


[e,d] =/[c,a]—m[b,c]; 


hence 
6], [e¢,d])=—l([a, [a,c]) +m([b, a}, [b,¢]) 
26) 
c,d]b— [b,¢,d]a. 
Similarly 
n 
[a, bj=— [a,d]— [a,c]; 
hence 
(27) 6], [e,d])=[a,b,d]c—[a, b,c]d. 


If we represent the two-dimensional vector [¢, d] in (26) as the complement 


of a linear vector v, we have 
(28) ([a, 6] |v)=[a@ |v]b—-[b 


Taking the inner product of both sides of this equation by another vector w, and 
using formula (23), we have 


(29) ([a, 6] |[v,w]) = [alo] [b\w] — = 


| 


[bjo], [b\w] 

The vector formulas just given for three dimensions are readily extended to n 
dimensions. The extensions of formulas (27), (28), and (29) are written down 
here for reference. They may be proved by methods analogous to those just 
indicated for three dimensions. 

Let [a,,a,,---,a,] and [6,, 6,, .--, 6. ] be two vectors in a space of n 
dimensions, of orders & and r respectively, and suppose / + 7 >, so that the 
product [6,, 6,,---, 6,]) is regressive. The extension of 
(27) may then be written 


(La,,---,a,], ---, 


* Cf. formula (21), p. 458. 
t Ausdehnungslehre, p. 83, no. 113. 
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where c,, ---, ¢,_, stands for a combination of »—s of the subscripts 
1,2,---,7,and are taken in such order that 6.,, ---, 6. ] 


=[b,,6,,---, We have also 
[a,|b,], 


9. Axioms. ‘The essential properties t used in what precedes may be stated 


(28,) 


in the following axioms, which will be seen to ensure the preceding facts for 
three dimensions, and which also furnish a sufficient basis for an immediate 
extension of all these ideas to space of m dimensions for a system of m mutually 
orthogonal linear unit vectors. The notation explained in footnote, p. 457, will 
be employed. Small letters in ordinary type denote ordinary numbers. 
I. If A, B, C are vectors of the 7-th order, r =n, then 
(1) (A=Al; 
(2) 7(mA)=ImA; 
(3) 0-A=—0; 
(4) 7A =0 implies 7=0 or A= 0; 
(5) /A+ mB is a uniquely determined vector of order r ; 
(6) A+ (B+C)=(A+B)+C; 
(7) (A+mA=(l+m)A; 
(8) 7(A+B)=/A +/B.§ 
II. There exist n vectors of the first order, e,,e,, ---,e,, such that any 
linear relation, 7,e, + /,e,+---+/,e, = 0. implies =0,/7,=0, ---,2,=0. 
Definition. k vectors of any order A,, A,, ---, A, 
dent if a linear relation, /,A,+/,A,+---+/,A, = 9, implies 7, =0,/,= 0, 
III. If A” is a vector of the i-th order, and if B’”’ and C'” are vectors of the 
j-th order (i +, j =n), then 
(1) [A”, B’] is a uniquely determined vector of the (i + j)-th order ; 
(2) (B?+C%)]=[A", BY] +[A", C7]. 
* Ibid., p. 133, no. 173. 
tT Ibid., p. 135, no. 175. 
t This system of axioms is compiled from GRASSMANN ; all, however, are not given explicitly 
by him. Some are given as theorems ; others are implied in his definitions. The system, as 


are said to be indepen- 


such, is new. 
§ The property A - B— B+ A can be proved by showing that (A-} B)—(B+A)=—0, 
by use of (6), (7), (8); hence by (5), the result follows. 
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Definition. The expression [ A’, B‘’] is called the outer product of A’ 
and BY), 
IV. If a and 6 are vectors of the first order 


(1) [la, mb]=lm[a, 6]; 
(2) [a,6]+[b,a]=0. 


V. Ifa,,a,,---,a, and &, 6,, ---, b are vectors of the first order and if 
i+j=n, then 


VI. n independent vectors e,, e,, ---, e, of the first order exist, such that 


Definition. Let e,,e,, ---,e, be any m independent vectors of the first 
order ; the products involving the different combinations of these vectors i at a 
time are called the multiplicative combinations of the i-th order of these 
vectors. 

VII. If A” is any vector of the i-th order, then n independent vectors 
e,,€,, of the first order and 


it(n—i)! 
numbers, 7,,/,, ---, Zy,, exist such that A’ + /,£,+--- +/, E,, where 
the E’s are the multiplicative combinations of the i-th order of e,, e,, ---, e,. 
Complements, regressive and inner products are defined for » dimensions pre- 
cisely as on p. 457 for three dimensions. Applying the definition of inner mul- 
tiplication to the units we h ve 


where the units are the e,, e,, ---, e, of Axiom VI. 


IV. INTERPRETATION OF SYMBOLIC FoRMS AND COMPARISON WITH THE 
AXIOMS. 


10. Definitions. It will now be shown that symbolic differential parameters 
of the special form 
( 0) dx? + dy? + d¥ = dx + fdy 
may be regarded as vectors of a three-dimensional space by interpreting /,,, 
Js fz) a8 unit vectors along the w-, y-, and z-axes respectively. This will be 
done by showing that with suitable definition of outer product, ete., they satisfy 
the Axioms I-VII for n = 38. 

Linear functions of any number of symbolic parameters of the type (7, a, 0), 
where f is a symbolic function of the differential form (30), will be shown to be 


* Compare with the formulas for f,;) f(;), footnote, p. 450. 


0 (i+ 7)* 
Lele l=4 (i=j), 
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one-dimensional vectors; it should be noted that f,,, f,,,,/,, ave themselves of 
this type, since f,, = (f, 2)s So) = (Ss 2. = (Ff, Y)- 

Also (f, 6, is a linear function of parameters of this type since, 
when it is expanded, ¢ and y disappear according to equations in the footnote, 
p. 450. 

Linear functions of parameters of the type (, 6, @) involving two symbolic 
functions will be shown to be vectors of the second order. 

For effecting transformations of certain symbolic expressions, the following 
determinant theorem, stated for determinants of the third order, is found useful. 

Denote 


by c¢|; then 
a.b.e|- d,e,f|= d,b,e\-\a,e,f + \e,b,e -|d,e 
Let us use the notation 
0,4) =4,, + + Fig) 
c= = Cy hy Sa + 


where a, 4, ¢ are functions of x, y, z. 


We define outer products as follows : 
[a,b] 4, 5), 


[a,b,c]=([a, b],c)=(a,[b,c]) =(4, 5, 
We take Axioms III, and IV_,, as definitions of the expressions 
[A”, (B’+C%)] and mb]. 


11. Comparison with the axioms.” We proceed to show that with these 
definitions Axioms I to VII are satisfied. 


For determinants of the n-tli order 
n 
42, +, Bal S az, --+, an} bz, +++, Bin, Gry Bal. 
See MASCHKE, Differential parameters of the first order, Transactions of the American 
Mathematical Society, vol. 7 (1906), p. 70, equation (1). Cf. also E. PascaL, Lincei 
Rendiconti, 1888. 
+ This definition is given in order to conform to the customary definition of [a , 6, ¢] which 
makes this product a number rather than a vector of the third order. A definition more in 


accord with the other definitions given here would be 


[a,b,c] =(f,9,¥) (a,b, /V3!. 


| 
a, b, 
a, 
ad, 
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I,,---I, are satisfied by the fundamental assumptions in regard to symbols.” 
To show that II is satisfied we show that f,,, f,,, /,, are linearly indepen- 


dent. Assume then a linear relation 
PL + + = 93 
multiplying through by f,,, we have 
+ + = 9- 


But f2,=1, fits = 0, fitz = 9. Hence the relation reduces to p=0. 
Similarly, multiplying in turn by /,,, /,, we find g=0,7r=0. Hence f,,, 


J, and f,, may be taken as the e,, e,, and e, of II. 


III,,, and IV,,, are satisfied by definition. 
III,,, is satisfied by definition in case the two factors are of the first order ; 
also in case the factors are one of the second order and one of the first order in 


the forms 


1 
a, 6) 
V2! 


and (f, @)/2 respectively. There remains the case in which 
the factors are of the form (¢, a) and (f,¢, 4). In this case, 
since (a, y, 2) =1, we may write 


by the determinant theorem. Now 
Hence 
(Ads 2) = ys 2) (Gs Vs 2) + Y) 
+ (fs Ys 2) ($s Ws 2) 


and similarly 


Hence finally 
y)- 


Hence if 


1 
A= W, a) and B=3(f, 6, ¥, 5), 
V 


* See p. 401. 
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then 
[A,B] =(a,y,2z)(b,y,2) + (4,2, 2,7) + (a,x, y)(b,2,y). 


IV... is satisfied by a property of determinants. 

V is satisfied by definition. 

VI is satisfied by taking a, b, c, equal to x, y, z, respectively. 

We shall prove that Axiom VII is satisfied by showing that every symbolic 
differential parameter of the type (f, a, )) can be expressed linearly in terms 
of (f, y,2),(f,2%, x), (f, #, y) and that every symbolic differential parameter 
of the type (f, 6, a) can be expressed linearly in terms of the three parameters 


Using the determinant theorem we have 
a, b ) (f, a, b vy Ys = ( vs a, b)(f, Ys + a, b)(f; x ) 
+(2z,4,b)(f, x,y); 


and also 
if, d, d, a)( 2, Y,2)= (a, Ys x) 
+ (a, 2, )(f, ¢, y) + (a, z). 


It is shown in the next article that (f, #)/V2,(/, y)/V2, (f,¢,2)/V2 
are the multiplicative combinations of the second order of e,,=/,, €., =f.) 
e,=/,. Axiom VII is, therefore, satisfied if we take 


as the e,, €,, e,. 
The statement made at the head of this section is therefore justified. 
The similar work for » dimensions is an easy generalization; hence we have 
TueoreM III. The symbols f,,, f,,, of the special differential form 


n 


> dzx?, 


i=! 


may be regarded as unit vectors along the coordinate axes ; linear functions of 
parameters of the type (f,5 fos Gs +++ involving k symbolic 
Junctions may then be interpreted as k-dimensional vectors lying 
in the space determined by So Ju 


In nv dimensions we use the notation 


1 n : 


j=! 
1 


(n—1)1'% JS)( 94, 


and define outer products as follows : 


I 
| 
4 
i 
| 
5 
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1 
(n—k)! vk! 


(Lay 


1 

(n—k—j)! 


[a,,@,, a, | 


V. FormMULAS AND APPLICATIONS. 


12. General formulas. The symbolic expressions for various combinations 
of vectors will now be obtained and the formulas will then be applied to obtain 
new relations connecting symbolic differential parameters. We first give dif- 


ferent symbolic expressions for the units and their multiplicative combinations. 


J 


and 
since 
(>, vv, x)(¢, 2) =2 
and | 
z)mQ. 


Similarly for the others. 
By definition 
For the units of the second order we have 


1 1 


[ess] = |e, = 2) = (bs £4,610 TASS 
(32) [e,, e,]= = vr, 4 
v2 y2 
1 
[e,,¢,]=|e,= 4) = 5 (Ps 2) 
: v2 


For, by definition, [e,, e,], where e,=3(f, y) and 
e,=43(f, ¥)(¢, z) and by definition, p. 462, 


[e,,¢,] = V2 %)3 


i 
(k <9). 
| 
t 
| 
| | 
4 
4 
i 
8 
4 
| 
| | 
| i 
f 


AN And, 
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that (f, 6, y, z=) =(¢, x) is proved by writing 


ete., as in the proof of formulas (31). 
By this same method it may be shown that 


(88) a=3(f,b, ©) = (a, ys + (a, 2, we, + 


for (¢, a) =(¢, y, 2) = y, 2), ete, and 


Other important formulas follow : 
1 
a= 
WS 


for by (33) 


y)\e, 
1 
= 51 (4, Ys Wr + (4s + (4, (bs 
and 


1 1 1 


ete., as above. 


(35) 
+ (a,x, y)(b, Y) = + + Aq) 


Proof. By (33) 
b=(b, y,z)e,+(b,2, + (b,x, y)e,; 


hence 
[a|b] =(b, y,z)[ale,]+(6,2, x)[ale,] +(b, 2, y)[aje,) 


[ale, ] =(4,y,; 


and by definition, p. 462, 


ete., where 
Pr 
a=3(/,9, v)(¢, a) and = yg Ys %)3 
hence 


[a|\b] (a,x, y)(b,%, y). 


* Except for a numerical factor the complement of any vector expressed in symbolic form is 
obtained by multiplying by a factor ( f, 9, /) made up wholly of symbolic functions, includ- 
ing the symbolic functions which occur only once in the expression for the vector, or by leaving 
out such a factor in case it is present. 


i 
4 
4 
q 
4 


2 
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Again 


(f,6,4)(f, 6,5) = {(a,y,2)(f, >, + (a, 2, y) 
+ (a, d, z)} Ys z)(f, x) 
2); 

= 2{(a, y,z)(b, y, +(a,2, z, 
+ (a,x, y)(6,2,y)} 


and this proves formula (35). 


(36) 
=(a,a,b)[e,,e,] +(y, a, b)[e,, e,] + (2, a, d)[e,, e,]. 
The proof is similar to the proof of (33). 


(37) a, 5); 
for from (36) 


\[a, =(#, a, b)e, + (y, a, b)e, + (2, a, be, =(#, a, b)(f, 2) 
+ b)(f, % #) + (% b)(f, a,b). 
(38) (La, b}, [e,d]) =(f. 4, a,b) (4, ¢, 
Proof. By definition, 
6], [e, d])=(|La, 6] |[e,d]) =[X(#, a, b)e,, D(a, 


(2, a, b), (x, Cy d) (ys a, b),(y; c,d) 
~ a,b), @) (z, a,b), (2, ¢,d)| 


(z, 4,6), (z, c,d) 
(x, a,b), (a,c, d) [és» 


+ 


again, 

(f, $, )(¢, a, b)(¥, Cy d)= (>, a, b){(f, Y> z)(¥, d) 
d)+(f,,z)(¥, 2, d)} 


Now 
y, %)($, 2, a, 

+ (fs a,b) = (ys ys 2) + (25, 2), 
with similar expressions for (f, y)(¢, a, 6) and (f, ,z)(¢, a, 6). Sub- 


Trans. Am. Math. Soc. 31 


a 


j 
4 
i 
2 
/ 
t 
4 
4 
i 
{ 
i 
t 
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stituting, we have finally 
a, D={(y, a, 6)(f, y, @) 
+(z, a, b)( f, z, w)} (a, c, d)+ {(z, a, b)( y)+(x, a, x, y)}(y, 
4, b)(f, ys z)}(%, ¢, @) 
(x, a,b), (x, c,d) 5), (y, ¢, 
=(f,%y) (y, 4,6), (y, ¢, d) + ys 2) (z,a,6b), (z, c,d) 
(z,a, 6), (2, 
+ 2,0) 


The expression found above for |([ a, 6], [¢, d]) is clearly the complement of 
this final expression for 6, a,6)(,c¢, d); hence the formula is 
proved. 


(39) (La, |e) =(f, $,¢)($, 4, 6). 


For by (38) or (84) 
je=Z(c,y, z)[e, e, 
hence 


(La, b], + (cs #) (La, 6], 
+(¢,#,y)(La, 6], 

($, 4, (88), 

=(b,4,b)E(f, 2) (Cs 2) = (fr $s €)($, 6): 


(40) (La, b]|[e,d])=(f, a, b)(f, ¢, d).* 
For, by formula (37), |[¢, d] = =(x, c, d)e,; hence 


(La, 6) |[e,d]) 
=(a,c,d)[a, b,e,]+(y,c,d)[a, e,]+(z,c, d)[a, b,e,] 
d)(y,a,b) +(2z,c,d)(z,a,b); 
and (f, a, b)(f, c, d) expanded gives the same. 


We give below the extensions of the formulas (31)—(40) to x dimensions ; the 
proofs are similar to the proofs given above for three dimensions. 


1 , 

n 

* Except for a numerical factor the inner product of two vectors in symbolic notation is ob- 
tained by writing them both (or their complements) in terms of the same symbolic functions as 
far as possible. 
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1 
(32 ) (n—k)! Wk! 


where c,, ---, ¢, stands for any combination of k of the subscripts 


1,2,---,m,andc,,,, ---,¢, are the remaining subscripts in such order that 


1 


(33,) 

1 
v(n—1)! 


1 


i[@,, a, | =(|[a,, a,]) 
(87,) 1 
Ifk+j>n, 
1 


1 
([ 1 [ 1 J) (n—k—r)! vk! 3 
---, 


(40,) 1 
(n—r)! ( 


(39,) 
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13. Application to the symbolic invariant theory. Results of the Grass- 
mann theory may be employed to derive formulas in the symbolic theory. 
Three examples of this application are given below.* 

1. From formula (27,) follows by use of formula (38) 


(n—k)! (n—j)! 
(41) j (2n—k—j)! 
2. From formula (28,) follows by use of formula (39, ) 


(n—k—r)! 


3. From formula (29,) follows by use of formulas (35,) and (40, ) 


1 
(n—ky 


(42) 


(As q, (As b,)s (fis (A> a)(fis b,) 
42) (Sas (Sar 2) (Sar (Sar Sar 
~ {(n—1)!}* , 
(Fes (Ses Ses Ge) (Ser (Ser Ge) Ser 
where (f,, @;) = (Sins G) and Sy is a symbolic function equivalent 


to f. 
These formulas can be shown to hold- for the general differential form. 


14. Applications to geometry. As heretofore, we regard the variables 
as cartesian codrdinates of a point in an n-dimensional space ; we 
wish to determine how the /-dimensional vector (f,, ---, is 
related to the surfaces a, = const., a, = const., ---, @,_, = const. 

First we show that the (x — 1)-dimensional vector (/,, ---, f,_,, @) is, at 


* Formulas (41) and (42) are new. 

For formula (43) see MascuKE, Differential parameters of the first order, loc. cit., p. 73. 

te, --*, Ckp-j—n stands for any combination of k+j—vn of the subscripts, 1, 2, ---, 7; 
-, Ch—z are the remaining subscripts. In order to obtain the correct sign in each term, the 


ei, 
*, Ch—~ May be obtained from 


order of the subscripts must be such that ¢,, ---, ¢cx+j—n, Ci, -° 
1, 2, ---, 7, by an even number of transpositions. 


j 
4 
i 
i 
3 
3 
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each point of space, tangent to one of the surfaces a = const.; for when a is 


linear, by formulas (33,) and (34, ), 


1 n 
vn—1)! i=1 
is parallel to the planes a = const. 
When a is not linear, then the linear space of » — 1 dimensions, tangent at 
a given point (%,, %,, ---, %,) to the surface a = const. which passes through 
that point, is given by 


n 


(a, = const., 


i= 


L 


and clearly 


The linear space tangent to the intersection of a, = const., a, = const. will be 
the space common to the linear spaces tangent to the two hyper-surfaces. A 
vector lying in this space is found by taking the outer product of the vectors 
(fis @) and (f,, +--+, f,_,,a@,). By formula (37,) this product may 
be written, except for a numerical factor, (f,, ---,f,55.%+ @)- 

This argument can be repeated for three functions a,, @,, @,, and again, for 
any number, @,, @,, ---, @,_,,; hence we have: 

THeorEeM IV. Jf the derivatives f,,, fs, f,, of symbolic function of 
the differential form 


are interpreted as unit vectors along the coérdinate axes, then 


may be interpreted as a k-dimensional vector, tangent to the k-dimensional 


spread which is common to a, = const., a, = const., ---, @,_, = const. 


VI. THe GENERAL DIFFERENTIAL Form. 


15. Change of variables in three dimensions. So far we have been con- 
sidering differential parameters of a special type of differential form: namely, 
the differential form for length of are in an Euclidean space; i. e., a form of 
the type 


n 


det, 


i=1 
or any form into which such a form ean be transformed. 
In this section it is shown that Theorem IV can be extended to apply to any 
space which can be considered a part of an Euclidean space (of higher dimen- 


sions) ; for example, to a surface lying in three dimensions. 


| | 
_ 
| 
> dx? 
i=1 
3 
4 
5 
i 
3 
q 
4 { 
3 
4 
| = 
£ 
| 
f 
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Let us consider in an ordinary space of three dimensions the transformation 
2), w= Y,2)- 
We can find dx, dy, dz, in terms of du, dv, dw, by solving the equations 
du = u,,,dx + u,,,dy + 
dv = v,, dx + v,,dy + U%)dz, 
dw = w,,,dx + w,,,dy + w,.,dz. 
If the resulting values are substituted in 


ds + f,dy +f,dz 
we obtain 


= dw. 
(u,v, w) Uv, Ww) (u,v, w) 


ds 
By Theorem IV the coefficients* of du, dv, dw may be regarded as linear 
vectors tangent to the intersections of v = const., w= const.; w= const., 
wu = const.; and w = const., v = const., respectively. Let us denote these coeffi- 
cients by ¢,,), ¢.),¢,)- It can be shown precisely as in the two-dimensional case 
that ¢,,,, ¢,), ¢,, are the derivatives with respect to u,v, w of the function into 
which the symbolic function f transforms. Hence the transformed function 
t(u, v, w) is a symbolic function of the differential quantic into which 
dx’? + dy’ + d# transforms and the derivatives ¢,,,, t,,), (ie t4)s tes bs) 
may be interpreted as vector functions of position, tangent at each point of 
space to the parameter curves which pass through that point. The transformed 
differential form is given by ds’ = df? = d? = (t,,du + t,,,dv + t,,,dw)’ where 
(f, v, w)/(u, v, w), ete. 

16. The general two-dimensional case. On the surface w =a (a definite 
const.), dw =0. In our formula for ds let us write a for w to indicate that 
only such values of x, y, z are to be used as will satisfy the equation w= a. 

We have, then, on the surface . 


ds’ = (t,, du + t,,dv)* = Edu’ + 2Fdudv + Gdv* 
where 
tt =F; = G.t 

This gives rise to a vector system on a surface, having variable units t,,,, t.. 
which are tangent to the parameter curves of the surface. The usual vector 
expressions, as inner and outer products, and complements can be set up in terms 

* Observe that the common denominator of these coefficients is an ordinary number, being 
the Jacobian of the functions u, v, w with respect to z, y, z. 

The function /=/f,)- z+ f2)-y +f) represents the vector from the origin to the point 
x,y, 2; hence ¢(u, v) represents the vector from the origin to any point on the surface w —a. 


| 
| 
| 
] 
i 
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of these variable units ; these expressions take the same form as the correspond- 
ing expressions in the plane given on p. 453. 

It should be noticed that here, since w =a is an arbitrary surface, we are 
considering a perfectly general binary quadratic differential form ; hence 

THeoreM V. Jf A = Edu? + 2Fdudv + Gdv* is any binary quadratic 
differential form, the partial derivatives 6t/Ou, Ot/Cv of a symbolic function 
of A may be interpreted as veciors, of length VE, VG respectively, tangent to 
the parameter curves of the surface characterized by A. 

17. The general k-dimensional case. In the same way we consider in an 
Euclidean space of n dimensions, the sub-space of / dimensions determined by 
a, = const., ---,a@,_,= const. For are length in the sub-space we shall have 
ds’ = ( Xt, du,)*, where 


t _ Uy J» °° 9 TNs 4) 


G) 5 Uy Gy Gy) 


and where /(w,, ---, =f (%,, +++, %,)- 

Precisely as in the three-dimensional cases it can be shown that t,. = Ot/Ou, ; 
hence we have 

THeorEeM VI. Jf 

E£,,du,du, 
t, j=l 

is the differential form giving length of are in any space of k dimensions 
belonging to an Euclidean space of n dimensions, then the partial derivatives 
Ot/Ou,, ---, Ot/Ou, of a symbolic function of A may be interpreted as vectors 
tangent to the parameter curves of the sub-space characterized by A. 


VII. SympBo.tic DIFFERENTIAL PARAMETERS INVOLVING DERIVATIVES OF 
THE SECOND AND HIGHER ORDERS. 


18. Interpretation of the higher derivatives of the symbols. Let the space 
RF, whose are element is determined by 


n n 2 
= >> E,,du,du, = 
i, j=1 
be supposed to lie in an Euclidean space S_ of 7 dimensions. The f;, may then 
be interpreted as vectors in S, tangent to A, along the parameter curves. 
Since these tangent vectors lie in S_, they may be expressed as linear functions 
of r constant, mutually orthogonal unit vectors, e,, e,, ---,e,, in S_, the 
coefficients being functions of u,, ---,u,. The derivatives of the f;, of any 
order, with respect to the variables u,, u,, ---, w,, if they do not vanish, are 
again linear functions of the unit vectors, e,,e,, ---,e,. We have therefore 


r 


| 
| 

3 
| 

4 

3 
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TueoreM VII. Jf the space R, whose arc element is determined by 


d?= >> E,,du; du; = 


i, j=1 i=l 


lies in an Euclidean space S, of r dimensions, then the derivatives of the 
symbolic function f, of all orders, with respect to any of the variables u,, +--+, U,, 
may be interpreted as vectors of the space S_. 

Since symbolic differential parameters involving derivatives of the 2, to any 
order are expressible in terms of derivatives of the symbolic functions, it 
follows that all such differential parameters may be interpreted as vectors or as 
combinations of vectors of the space S_. 

19. Second covariantive derivatives of the symbolic functions. The second 
covariantive derivatives of the symbolic functions are given linearly in terms of 
the ordinary second derivatives and of the first derivatives by the formula 


. 1 . of 
It follows that /”’ may be interpreted as a vector. But we have always 
Sf =%F which shows that each /” is orthogonal to all the vectors f,,. 
Hence 

THeoreM VIII. Jf the f 


along the parameter curves, then the second covariantive derivatives f may 


, are interpreted as vectors in S_ tangent to R, 


be interpreted as normals to R, in S_. 


* MASCHKE, A symbolic treatment, etc., loc. cit., p. 457, equation (75). 
+ MASCHKE, loc. cit., p. 459, equation (84). 
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SURFACES WITH ISOTHERMAL REPRESENTATION OF THEIR 
LINES OF CURVATURE AND THEIR TRANSFORMATIONS. * 


(SECOND MEMOIR) 
BY 


LUTHER PFAHLER EISENHART 


Introduction. 


In a former memoir with the same title + we established a transformation of 
surfaces with isothermal spherical representation of their lines of curvature into 
surfaces of the same kind, the transformation being such that lines of curvature 
on a surface and on a transform correspond, and the two surfaces constitute the 
envelope of a two-parameter family of spheres. This transformation was estab- 
lished by means of a theorem of MouTaRD, concerning partial differential equa- 
tions of the LapLace type with equal invariants, { and with the aid of a trans- 
formation of minimal surfaces discovered by THyBauT.§ In our discussion we 
did not take the equations of the transformation in the form given by THyBavT, 
but in the form used by Brancut,|| in which case the parametric curves on the 
minimal surfaces are the asymptotic lines. Such a minimal surface and its 
THyYBAUT transform are the focal sheets of a W-congruence, that is, a congruence 
upon whose focal sheets the asymptotic lines correspond. 

The present paper deals with the same transformations obtained by a very 
different method as a result of which the analysis is much simpler. In § 1 it is 
shown that when the lines of a W-congruence are subjected to the Liz line-sphere 
transformation, the congruence of spheres envelope two surfaces upon which the 
lines of curvature correspond. If S and S, denote these two surfaces, and = 


and =, the two focal sheets of the original W-congruence, the transformation 


1 
from = to 2, carries with it a transformation from S to S, without quadrature. 
In § 1 is determined the characteristic property which = must have in order that 
the lines of curvature on S may have isothermal spherical representation, and the 


equations of the surfaces are given in simple form. In § 2 the determination of 


* Presented to the Society, February 26, 1910. 
t Transactions of the American Mathematical Society, vol. 9 (1908), pp. 149-177. 
tBIANCHI, Lezioni, vol. 2, p. 69. 
2 Sur la déformation du paraboloide, etc.; Annales de 1 ‘Ecole Normale (3), vol. 14 (1897), 
pp. 65-69. 
Lezioni, vol. 2, pp. 334-338. 
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surfaces =, and S, of the same kind as = and S respectively and standing in 
the above mentioned relation to them is carried through, and the problem is 
shown to be reducible to the integration of an ordinary differential equation of 
the first order and to quadratures. 

When S is a minimal surface (cf. §3), the transformation is that of THyBAUT 
and the equations take the very form which occurs in his memoir.* 

In $4 it is shown that the transformation of § 2 is identical with that estab- 
lished in the first memoir, and in §5 we prove the existence of a “theorem of 
permutability ” which shows that the knowledge of two transforms S, and S, of 
S carries with it the determination of a surface S’ of the same kind, which is a 


transform of both S, and S,; and, moreover, S’ may be obtained without 


2 
quadrature. 


$1. A Surface = and its Lie transform S. 


The codrdinates, —, 7, €, of a surface 2, referred to its asymptotic lines, 
may be given by the Lelieuvre formulas + 


v, |v, 
(1) Du Ov, Ov, |» Be Ov, Ov, |» 
Cu Ou Cv Cv 


and similar equations for 7 and ¢, obtained by permuting the quantities v,, v,, 
v,, which are solutions of an equation of the form 


(2) 
Ou cv 
where in general is a function of « and v. Moreover, »,. v, and v, are pro- 
portional to the direction-cosines of the normal to >. 
If x, y, z denote the coordinates and X, VY, Z the direction-cosines of the 
normal to the surface S which is obtained from = by the line-sphere transfor- 
mation of Lie, these quantities are given by { 


From these equations we determine the following values for the fundamental 


TEISENHART, Differential Geometry, p. 193. 
~ DARBOUX, Legons, vol. 1, p. 249. 


{ 
4 
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quantities of S: 


E= Ou F=0. 
(4 (v, + 
(= on 
+ ¥,€)° 
og On 
OF Ou Ou Cu 
D=2. D=9, 
(5) Ou (v, + 
On 
dD’ Ov dy dy 
Oy (v, + 
Ou Ov 
(6) (v, + v,€&)? J (v, + v,€)* 


where 6, ¥, G are the coefficients of the linear element of the spherical repre- 
sentation of S. From these results we have incidentally the well-known fact 
that the lines of curvature on S are parametric. 

However, we are concerned entirely with surfaces whose lines of curvature 
admit an isothermal spherical representation. From (6) it is seen that a neces- 
sary and sufficient condition for this is that * 


(7) du 0, 
or by means of (1), 
(8) Bu log +i log 0. 


It has been assumed that the parameters are isometric, which assumption does 
not affect the generality of our solution. 


If we put 
(9) u+iv=4, u—iv=B8, 
equation (8) gives the result 
(10) v,=v,A, 


where A denotes an arbitrary function of a. Since v, and vy, satisfy (2), which 


* The case where (7) is replaced by 0£/0u + i: 6£/dv == 0 leads to similar results. 
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by the transformation (9) becomes 


(11) — ils, 
we must have 
,O V, ” 
Ca 2 


where the accents indicate differentiation with respect to the argument. From 
this equation we find 

VB 
l / A’ 


where B denotes an arbitrary function of 8, and where the accent denotes dif- 
ferentiation with respect to 8. In consequence of (10), we have 

VB VB VB 
= Vi, = = A 


12 o 
( ) l 1 A 2 1 A’ 3 VA’ 


where in general ¢ is a function of a and £, being a solution of 


B oa B 
CB| A’ 0B Oa} A’ Oa 
which is obtained by expressing the fact that the functions (12) are solutions of 
equation (11). 
and of S,. 


$2. The Determination of =, 


If 6, is a particular solution of equation (11), the functions v,, defined by * 


ra 
(14) = 08, Ov, ? = — 08, 
CB Oa Ca 


determine a surface =,, upon which the curves « = const., v = const., where w 
and v are given by (9), are the asymptotic lines; and = and &, are the focal 
surfaces of a W-congruence, formed by the lines joining corresponding points. 
Moreover, the codrdinates, n,, of =, are given by 


3 


(15) E,— §& = — 


In order that =, may be a surface of the same kind as = of § 1, we must have 


B B 
V A, VA 


and B, are functions of a and 8 alone to be determined and where, in 


, A,, 
VA, 

where A, 
general, o, is a function of both a and 8. 


* EISENHART, Differential Geometry, pp. 417-419. 
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When the values for 7, and >, are substituted in (14), we obtain four equa- 
tions which are equivalent to 


100 A’ 
6 da” A’ ar 


(17) 
100 (VB) VB VA A, 
6,08 YB VB'A-A, 
and 
1 06, ) ( 1 ) A’ 
a 
0, Ca VA’ A—A, 
(18) 
100, =(VBY VB 


The necessary and sufficient condition that these two values of €@,/da be 
equal is readily found to be 
(19) VA'A, =«,(A —A,), 
where «, denotes a constant. 


In like manner the condition that the two values of 06,/08 be equivalent is 


reducible to 


(20) V BB =«,(B—B,). 
In consequence of these results, equations (17) and (18) may be written 
(21) 106, _(VA\y 1 4, 106, By 1 
, 'VA YB 'VB 
and 
Oa VA A; 0, VB 


When the expression (16) for 7, is substituted in (14), the resulting equations 
are reducible by means of (21) and (22) to 


VA’ Oo V B oa 


(23) 
VB, eo, VA, Oo 
VB Pac} 


As these equations are linear, the determination of o, requires quadratures only. 
Hence the problem of the determination of the surfaces =,, when > is given in 
terms of its asymptotic lines, requires the solution of the ordinary differential 


equation (19) and quadratures. 


§ 
i 
a 
i 
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When these funtions o,, £,,,, ¢, have been obtained from (28) and (15), we 
find the codrdinates of a surface S, by means of equations analogous to (3). If 
2,5 Y,,%, denote the codrdinates of S, and X,, Y,, Z, denote the direction 
cosines of the normal to S,, we find that 


+iy,—(e#+iy)= +i1¥,-(X+iF)], 
(24) — ly, 
z—z=h(Z,-—Z), 
where 


(25) Ra + (A- A) 
2 


Hence S and S, are the envelope of a two-parameter family of spheres whose 
radii are defined by (25). The codrdinates, x,, y,, z,, of the centers of these 
spheres are given by 


A—A, 
(26) — ty, — iy — — iF) = 
A,—A 


‘ 4. 
22, =2(2— RZ)= 4 
1 


We shall refer to the above relation between S and S, as a transformation 
a , thus indicating the constant «, which appears in the formulas. 
§3. Transformation of Minimal Surfaces. 


Minimal surfaces are the only surfaces of negative curvature for which the 
following conditions are satisfied simultaneously 


E=G, é= 4G, F=0, F¥=0. 


In consequence of (4) and (6), these conditions are equivalent to the following 


upon 2: 
(08) 
og On \? On o&\? 


If we replace the first of these equations by (7), we must replace the second by 


og On 


if the functions D and D”, given by (5), are to differ in sign. 


’ 
(41) op 6B ’ 
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By means of (1) and (12) equation (27) is reducible to 


1+ AB Go 


(28) 7=— cB. 


If this equation be differentiated with respect to a and the result equated to the 
value of 6/Ca obtainable from (1) and (12), the resulting equation is reducible 
by means of (13) to 


B oa BA 
= log > = » 
op A’ op 14+ AB 
From this we get, by integration, 
B 
38 =f(a)(1+AB), 
where the function f remains to be determined. Hence, integrating again with 
respect to 8, we find 


(29) o= A’ — dB + f,(a). 
When this value is substituted in (13), we obtain 


Differentiating with respect to 8, we have 


Af) ‘ 


Hence the two terms of this equation must be zero, from which we get 
(31) A'f=c, 


where c¢ denotes a constant. When this value of f is substituted in (30), 
we obtain 


A*d 
(32) Si | A | + c,A + Cos 


where c, and c, denote constants. 

From (13) it is seen that if o is a solution of this equation, so also is 
o+c,A +c, where c, and c, are arbitrary constants. Hence for the present 
we shall put c,=c,=0 and furthermore assumec=1. We shall see presently 
that this choice of the constants does not restrict the generality of our solution. 
When these values are substituted in (29), we obtain 


t+ As * Ada 
(33) c= yp i 
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When this value and (12) are substituted in (1), we find 
E= B, 
da dB Bdg 


It is readily found that these values satisfy equations (27) and (28) 
From (3) we obtain by means of (12) and (34) 


(1+ A? 1+ B 
(35) y=-3(| da — dp), 
Ada BaB , 
-{ A’ 
and 
(36) X= AB’ 


From (35) we find that the linear element of S is 


dadB, 

and from (36) that the linear element of the spherical representation is 
2 4A’'B 

Ip. 
(38) ds (1+ ABY dadB 


The minimal surface S adjoint to S is given by equations of the form 


OF 
Hence 


Ada . BdB 


* Since the equations of any minimal surface can be given this form, the particular choice of 
the constants in equation (32) did not limit the generality of the discussion 
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If we substitute the value (33) for o and also 


°1+A,B,, A, da A*da 
a= a+ A, A’ A} 


in equations (23), we find that these equations are identically satisfied in con- 
sequence of the relations (19) and (20). Hence the minimal surface S, defined 
by (35), and the minimal surface S,, defined by equations of the same form as 
(35) but with A and B replaced by A, and B, respectively, constitute the 
envelope of a two-parameter family of spheres. 
From (25) we find that the radius of the sphere is 
(41) 
2V A B.V A,B, 
The codrdinates of the center of the sphere are readily found by means of (26). 
If §, denotes the adjoint of S, it is defined by equations analogous to (39). 
From these equations we find that 


BB,-1 
) 


1 /AA,+1 BB, +1 
9 
(42) .( B, }: 


— i (A+A, B+B, 
If X,, ¥,, Z, denote the direction-cosines of the parallel normals to S, and S, ‘ 


they are given by equations similar to (36). From these values and (42) we find 


2X, (% — %,) = 0. 


Hence S and S, are the focal sheets of the congruence formed by the joins of 
corresponding points. Moreover, the curves 


a+ 8 =const., a — 8 = const. 


on S and S, are the asymptotic lines. Hence this congruence is a W-congruence, 
and the transformation from S to S, is the transformation discovered by Thybaut.* 


$4. Identification of the Transformation of §2 with a Former 


Transformation. 


In this section we shall show that the transformation of § 2 is identical with 
one formerly established in a different manner. 
* Cf. Introduction. 
t Surfaces with isothermal representation, etc., these Transactions, vol. 9 (1908), pp. 149-177. 
A reference to an equation (a) on page b of this memoir will be indicated by [(a) p. b]. 
Trans. Am. Math. Soc. 32 
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Comparing (38) with [(2) p. 151], we have 


_ (14+ AB 


20 


When an equation for S, analogous to (38) is compared with [(27) p. 156], we 
find that 
(43) (14+ + 

16A’A, BB: 


This identification is permissible in view of the results of §3 and $1 of the 
present and former memoirs respectively. 

Ii we compare (37) with [(1), p. 151], we see that the codrdinates of the 
minimal surface in § 3 are twice as large as in the former memoir. Moreover, 
the radius of the sphere, as given by [(30’), p. 157], is 6/@, and consequently 
one half of # as given by (41) and (43). Furthermore, in § 5 of the former 
memoir it was shown that the case of minimal surfaces in § 1 of that memoir is 
a particular case of the general transformation of §4 of the same memoir- 


Hence, in order to identify the two transformations, it is necessary and sufficient 
to show that # as given by (25) is equivalent to [ef. (48), p. 161] 


OW OW 


Cu Cu Cv 


where m is a constant and W, W, measure the distances from the origin to the 
tangent planes of a surface S and its transform S,. 
From (3) and similar equations for S, we have 


4 wae mt Ah 
1+AB’ 14+ A,B, 
By means of (1), (9) and (12) we find 
A(Byn—S) OW AB (+ Ab) cB 
da (14+ (1+ AB) AB’ 
From [(25), p. 156] and [(6), p. 151], we get (using the notation of the 


present memoir), 
Od SY OX Od 
mod Op’ 


which by means of (36) gives 
mp[A(A,B,—1)+A,— A*B,] 
2A’(1 + A, B,) 
mo [B(A,B,—1)+ B,— A,B’) 
2B'(1+ A,B,) 


mo Oa’ 


a 
| 
“4 
| 
i 
ix 
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When these values are substituted in (44), we get (25), provided that 
Mm = 


Hence the two transformations are identical. 


5. Theorem of Permutability. 


In this section we establish the following theorem of permutability : 

If a surfuce S with isothermal representation of its lines of curvature be 
transformed into two surfaces S, and S, of the same kind by transformations 
ll and T’., respectively, there exists a surface S’ which is the transform of S, 
and of S, by transformations T, 


«2 


and respectively ; and this surface 
can be obtained without quadratures.* 

In order that there may be such a transform S’, there must exist functions 
A” and B” satisfying the following equations analogous to (19) and (20), 


V A, AY A”), VB BY =«,(B,— B), 
where for the present the constants «; and «, are undetermined. Also there 


must exist a function o’ satisfying equations analogous to (23), which by means 
of the latter can be given the form 


(46) 

V BY Ca 1 Aw VB’ de 


and similar equations obtained by changing the subscripts 1 into 2. 
Eliminating Oo’ and dc’ /68 from these four equations, we obtain 


(«, VB; — «, VB, — («, — «, 


Vv An" 
VA’ [«, —«,vB,(o —o,)]=0, 
(47) 
VB 
+ [«, VA, (o—¢,)—«, VA} (o—¢,)]=9. 


* Cf. former memoir, l. c., p. 166. 
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By means of (19) and (20) equations (45) are reducible to 


(48) VAY “1%2 


,? 
KK, K, VA, Ky VA’ 


VA) — «, VA} 


and the same equation in the B’s. When these values are substituted in (47), 
it is found that the two equations are consistent if and only if 


or 


where the same sign must be used in every case. 
When the values (49) are used we get 


VAY VA’, 


so that the case (49) is to be excluded. 
For the values (50) equation (48) is reducible to 


A,(A—A,) — «2.A,(A—A,) 


and the two expressions (47) may be given the form 


K 


9 


c= 


9 
, l 
l 


(52) 
Ki —«, ¢,(A—A,)(B— 
B,— B, — A,)—«5(A— A,) 


Hence the theorem is established if these values satisfy (46), as they can be 
shown to do. 


PRINCETON, 
March 30, 1910. 
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ON THE BASE OF A RELATIVE NUMBER-FIELD, WITH AN 
APPLICATION TO THE COMPOSITION OF FIELDS* 


BY 


G. E. WAHLIN 


It is a well known fact that in an algebraic number-field of degree n there 
exist n integers a,,---, 2, such that every integer of the field can be expressed 
in the form 

= + +--+ + 


@, are rational integers. 


where 2, , 

If we now consider a field relative to a given subfield of this field, from the 
nature of the proof of the above fact it is evident that, if the subfield in ques- 
tion is such that the number of classes of ideals in this field is one, and r the 


degree of the larger field relative to its subfield, then there exist 7 integers 


B,,8,,--+-, 8, such that every integer in the larger field can be expressed in 
the form 

where now y,, ¥,, +++, y, are integers in the subfield. 

When, however, the number of classes of the subfield is greater than one, this 
is not the case. Sommer + has shown that in this case for a field which is of 
the second degree relative to a subfield of the second degree the four numbers 
composing the base may be taken to be @,, 8,2, 8,0, where @,, @, is the 
base of the subfield and 8,, 8, the base of an ideal in the subfield and 2 a num- 
ber of the larger field, not necessarily an integer, but such that 8, and 8,0 
are integers in this field. 

In the first part of this paper I establish a similar form for the base of any 
algebraic number-field relative to any subfield, and in the last part I apply this 
to the study of the discriminant of the field. 


The Base of a Relative Field. 


Let XK be an algebraic number-field of degree VV which contains the subfield 
k of degree n. We then know that r = V/n is the degree of X relative to k, 
and if # be any integer which determines the field A’, then J is the root of an 
* Presented to the Society (Chicago), December 31, 1909. 
tSommeEr, Vorlesungen iiber Zahlentheorie, p. 299. 
487 


| 
| | 
| 
4 
| 
| 
| 


488 G. E. WAHLIN: ON THE BASE [October 


equation 


where @,, a,,---, @, are integers in i. We therefore know that every number 
of K can be expressed in the form 


(2) O=p, t+ 
where p,, p,, +++, p, are numbers of the subfield &. Then, in the same manner 


as when we consider a field relative to the domain of rational integers, we can 
show that every integer in A can be expressed in the form 


(3) A,+A,P+4+ + 
where A,, A,, ---, A, are integers in & and D,(/) is the relative discriminant 
of with respect to .* 
Let us now consider all integers of A for which A,,,= A,,,=---=A,=9, 


where 7 is one of the integers 1, 2,3, ---,7. These integers we can indicate 
as follows 


D,( 


(i=1, 2, 3, --- 


It is evident that any integer of the type (4) when multiplied by an integer of 
k gives another integer of the same type, and the sum of any number of such 
integers is also an integer of this type. But this means that the product of any 
one of the coefficients O;') by an integer of & gives another of these integers 
and, moreover, the sum of any number of them is also another integer of the 
same set. Hence, since all the integers O(° belong to k, they form an ideal in 
this field, which ideal is the highest common ideal factor of all these coefficients. 
This ideal we shall designate by O_. 

Thus, for r= 1, 2, 3, ---, 7 we get r ideals O,, O,, O,, ---, O, in k. 
But since o') = O'')/D,(2) is a number of & and, moreover, from our assump- 
tion an integer, and since evidently.all integers of k are thus represented, & 
being a subfield of A’, and r being the lowest degree of the equation which # 
satisfies in /, we conclude that O/') (i=1, 2,3, ---) represent all multiples 
D,(4) in k and therefore the ideal O, is the principal ideal [ D,(#)]. 
Moreover, since #-@‘'), evidently is an integer of A of the typé (4), we con- 
clude that all the integers of O,_, also belong to O,, and hence that O,_, is 
divisible by O,. Therefore, in the sequence O,, O,, O,, ---, O, each ideal 
is a factor of all that precede it in the sequence, and hence all of them are 
factors of D,(#). Therefore, the integer D,() belongs to each one of these 
ideals. But we know that if we choose arbitrarily from an ideal any integer 


*Hinpert, Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 4 
(1894-95), p. 180. 
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there exists another integer such that the given ideal is the greatest common 
divisor of these two integers. Hence each of the above ideals must contain an 
integer such that the ideal in question is the greatest common divisor of this 
integer and D,(). If we then let this integer in O, be the coefficient O/) 
we can write 

O,=[O”, D,(4)] (r=1,2,3,---,r). 


Let us now put D,(3)/O,=T,. Evidently J, is relatively prime to O/) and, 


hence, there exists in / an integer 8 such that 
= 1 ( I,). 


Hence, if we indicate by o, the numerator in the expression for '’, we have the 


following congruence 


where 
0, = A,, + 4,,9 + A,, 8 +--+ + A,_,,8°* + 


We observe that in 0, the coefficient of is unity. But since = / D,(0) 
is an integer, it follows that @, is divisible by D,() and hence by Z,. From 
the last congruence it follows that also 2, is divisible by 7,. 

The quotient 2,=,/D,(#) is not necessarily an integer in A, but 
and are evidently both integers in A. 

Let 


(5) 


be any integer in A. From what we have seen above 8, belongs to the idea] 
O,=[O”, D,(#)] and, hence, there exist in two integers A, and 
such that 
(6) Of) + #,D,(F) = B,. 
But then 

8,0, =r,0%2, + u,D,(9)-2,, 
which is evidently an integer in A and, moreover, this integer when expressed 
in the form (4) has the same coefficient of 3’-' as w in (5). Hence a — 8,2, 
is an integer of the type 

BI + BP + 


In the same manner as above we can determine A,_, and w__, such that 
(1) 
(6" 


r—1 
and 8’ 0 _, is then an integer of A of the type (4) when t= 7 — 1 and the 
coefficient of is B)_,. 


| 
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Hence we have 


i+ + +B, 
r D, ( 
which is again an integer. 
By continuing in this manner we evidently shall at last have 


whence 


(7) o= + Q, + + £8,0,, 


where, for all values of s from 1 to 7, A’’—") is an integer belonging to the ideal 
O,. Now @ is any integer of AX and, hence, every integer of A can be repre- 
sented in the form (7). Moreover, since and D, are both integers 
in A, from (6) and (6°) and the similar expressions for the remaining 8'’—*) we 
ean conclude that when 8\’~” belongs to the ideal O, all numbers represented by 
(7) are integers of the field A. 

If we now let (i,,, 7,,, ---,7%,,) be the base of the ideal O,, then evidently 
the integers (A=1,2,3.---n; r=1,2,3---*2) forma base of all 
the integers in the field A. By replacing in this base 0,, 2,, 2,, ---, 2, by 
their relative conjugates with respect to the field / we get the basis of the respect- 
ive relative conjugate fields. 

The Relative Discriminant of K. 

Let us now apply this result to the relative discriminant of the field A with 
respect tok. The relative discriminant is defined as the greatest common factor 
of the squares of all the determinants formed from the matrix of the base of Av 
and its relative conjugates. It is easily seen that each of the determinants can 


be written 


(8) 


where the upper index is used to designate the relative conjugates. When two 
of the subscripts 7 are alike the expression (8) vanishes. Where no two are 


alike the determinant factor in (8) is, aside from sign, the same for all deter- 


minants of the matrix, and hence the determinant 
| i)| 
must be a common factor of all the determinants of the matrix. Moreover, all 


the numbers of the ideal product O,-O,-O,---O, can be represented linearly 
by means of the products 


‘ 
4 
| 
i 
4 
4 
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and hence the greatest common factor of the products 7 must be a factor of the 
product O,-O,---O,. But each 7 is divisible by O,- O,---O,, there being in 
am one number from each of these ideals, and hence their highest common factor 
must be divisible by O,-O,---O,. Thus O,-O,-O,---O, is itself the highest 


common factor of the products 7, and hence the relative discriminant of A’ is 
D, = O?. 02.02 


which is an ideal in the subfield &. Since = / we can write 


remembering that O, is the principal ideal [D,(%)]. Again since 
= A, + HOT, 
we have 
02. O2---O 
D (by 


D 


If as before we put D,()/O, = I,, we have 


It is easily seen from the previous deduction that the ideals Z,, Z,, ---, Z, are 
those factors of the relative discriminant of % for which as moduli ¢ is the root 
of a congruence of lower degree than 7 in k. 


The Discriminant of a Field Formed by the Composition of Two Fields. 


We shall next make an application of the relative discriminant of a field in 
the form found above to determine the nature of the discriminant of a field 
formed by the composition of two fields, in the case where the degree of the 
compounded field is equal to the product of the degrees of the two fields from 
which it is formed, divided by the degree of their greatest common subfield. 

The problem of the composition of fields has been studied by HENSEL,* but his 
results are of a different nature from those obtained by the method here used. 

I shall suppose that the field A’ of degree V is formed by composition from 
the two fields k, and k,, of degrees n, and n, respectively. Moreover, let 
« be the greatest common subfield to 4, and k, and let the degree of « be v. If 
we let P, and P, be the degrees of /, and &, relative tox, and r, and r, the 
degrees of X relative to k, and k.,, respectively, we have 


n, =vP,, n, =vP,, N = r,n, =1,N,.- 


* HENSEL: Journal fiir die reine und angewandte Mathematik, vol. 105 (1889), p. 329; vol. 
120 (1899), p. 99. 
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But by hypothesis V= n,-n,/v= P,n,. From this and V= 1r,n, we con- 
clude that r, = P,,, and in the same way r,= P,. Therefore V=7,-r,-v. 

I shall indicate by D, d,, d,, 8 respectively the discriminants of A, kk, «, 
and the relative discriminant by using as subscript the symbol of the field rela- 
tive to which it is taken. I shall, moreover, indicate by V\( ), V,( ), VC) 
the norms taken respectively in the fields k,, &,, « and by W,,, V,,, V, the 
relative norms. 

From what we have seen above we know that r,-7, is the relative degree of A 
with respect to x. 

If now a, is a number which determines /,, then a, will determine A relative 
to &,, and we can therefore write 


9 2 13 Iry 
D,,, ( a, Dy, 


O02. 02... O° 


(10) d 


where d,, is the relative discriminant of /, with respect tox. But since P,=r 
we have 


1 
D,(%,) = D,,( 


because the equation in /,, which a, satisfies, is then the same as the equation in 
«, the subfield of k,. Now O,, is an ideal in &, and O, is an ideal in «, and 
since « is a subfield of /, from the definition of O,, and O_, it follows that O, is 
contained in O,, and, hence, O,, is a factor of O,. Hence D,(a,)/O, = J, is 
a factor of D.(2,)/O,,=7,,. If we therefore put 


= 7, 


we see that 7’ contains all the ideal factors of D,(,) in &, for which a, will 
satisfy a congruence of degree less than r 


Hence from (9) and (10) 


, in &, but not in the «. 


d= MD... 
Taking the norm in k, , we get 
N,(d2,.) = N,(T?)N,(D,,)> 
or since d,, is an ideal in «, 
N( dz) = N,( T?)-N,(D,,)- 
But then from the known relation 


(11) d, = 8" N(d,,)* 


* BACHMANN, Allgemeine Arithmetik der Zahlenkérper, p. 452. 
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we have 
(12) = 


Similar to (11) we have (Bachmann, Joc. cit.) 


D=d).N\(D,,), 
and from this we finally have 


(13) Du 


( 


From (12) we see that every prime factor of V,( 7’) must be a factor of d,, 


and if in the previous work we interchange a, and 2,, and /, and 4, we should 
get another ideal 7” and N,(T’’) would be such that every prime factor of this 
would be a factor of d,. But as in either case the final result (13) would have 
to be the same, we see that 


= 


and this therefore contains only such prime factors as are common to d, and d,. 


URBANA, ILL. 
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THE STRAIN OF A NON-GRAVITATING SPHERE OF VARIABLE 
DENSITY* 


BY 


L. M. HOSKINS 


$1. Introductory. 

The mathematical problem of the strain of an elastic sphere is of special 
physical interest because of its relation to the question of the elastic yielding of 
the earth to disturbing forces. The cases of the problem which have been 
solved, however, involve assumptions which depart from what is known or 
thought probable in the case of the earth. The solutions of Lamé and KELvin 
apply to a homogeneous body acted upon by bodily forces which are known 
functions of the codrdinates. This case disagrees with the facts as regards the 
earth in two particulars: (1) The earth is certainly far from homogeneous in 
density and is very likely far from homogeneous in elastic properties. (2) The 
important bodily forces of self-gravitation cannot be expressed as functions of 
the codrdinates in advance of the solution, since the changes in these forces 
caused by the strain are of the same order of importance as the external dis- 
turbing forces; it is only by assuming incompressibility that it becomes possible 
to express the gravitational forces without the use of unknown functions. 

In a previous paper} was given a solution of the problem for a compressible 
sphere initially of uniform density, taking account of the changes in the gravi- 
tational forces caused by the strain. 

In the present paper will be found a solution for the case of a non-gravitating 
sphere of which the density is a given function of the distance from the center, 
the elastic moduli being assumed to be uniform in value throughout the body. 

By combining these two cases, and introducing the additional assumption that 
the elastic moduli are functions of the distance from the center, we should have 
perhaps the nearest possible approximation to a completely general statement of 
the problem presented by the actual earth. While there is no difficulty in 
forming the differential equations for this general problem in a manner analog- 
ous to that employed in the two cases which have been solved, a solution of 


these general equations has not thus far been obtained. 


* Presented to the Society, San Francisco Section, February 26, 1910. 
{ Transactions of the American Mathematical Society, vol. 11 (1910), p. 203. 
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The case treated in this paper appears, however, to possess some interest and 
importance, being a generalization in one important particular of the problem 
which formed the basis of the original estimates of the rigidity of the earth. 


§ 2. Statement of Problem. 


The problem here treated is the following : 

To determine the strain of an elastic sphere of which the density is a given 
function of the distance from the center, under the action of bodily forces hav- 
ing a potential, but free from stress on the bounding surface. ‘The potential 
may be any function which, when expressed in polar codrdinates, is developable 


as to 6 and ¢ in a series of spherical surface harmonics. 


$3. Equations of Equilibrium of Volume-Element. 


Using polar coédrdinates 7, 6, ¢, let w_, u,, u,, be the elastie displacements, 
W,, @, the rotation-components, A the cubical dilatation, the 
components of bodily force per unit mass, A + 34, w the bulk-modulus and 
rigidity-modulus, p the density. 

The three equations of equilibrium for an element of volume are the following: 


(1) (A+ 24) a9 sin 4) + pF =0, 
lo Cw 
(2) (A+ 24) 20 ad sin 8) | + pF, = 0, 
1 eA oe Ow 


in which 


(4) 1 | usin @) + ru, sin + (ru, )| 


sin 
oO 

(5) 20,= 358 | 20 (ru, sin | w) | 
(6) 20, = al ob ap sin | 


Let W denote the potential of the bodily forces, and assume that 


(8) 


| 
| 
4 
| W=R,S,, 
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in which S, denotes a spherical surface harmonic of order i, and 2, a function 


of r. Then 


dr 
R. S 
(¥) r 00° 
F R S 


i i 


A solution of equations (1), (2) and (8) may be formed by putting together 
solutions corresponding to the separate terms in the value of W. We there- 
fore confine the following discussion to the solution corresponding to a single 
term 2. S,. 

We now assume 


10 ral S, v 
in which w and v are functions of 7 only. Substituting these values in equa- 
tions (4), ---, (7), and making use of the differential equation 
: a@) S. = 
which is satisfied by any spherical surface harmonic of order i, we find 
1 d(r’u) v 
2 = 
(13) 2a, = 0, 
1 d(rv)] 1 OS, 
9 t 
(24) « dr la od’ 
1 d(rv) 108, 
5 2 5 
35) r E lr | fal] 


If the foregoing values of 4, @,, @, and w, be substituted in 
(1), (2) and (3), these are freed from 6 and ¢. Equations (2) and (8) in fact 
become identical, and there remain to be satisfied two ordinary differential equa- 
tions for determining uw, v as functions of r. Writing # for f,, these 
equations are the following: 


ld(ru) .,,. v 
ae 


dr 


d 
(A + 2h) 
(16) 


| 
| 
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u) v d (d( rv ) 
(17) (A+ dr +1) ) 5, ( dr —u)+pR=0. 


It is now convenient to replace 7 by x = r/a as independent variable, and to 
introduce y and z, defined by the equations 


A ... v 
(18) dp —i(i+1), 
20 1 /d( rv 
Q 


thus reducing the differential equations to the following : 


dR 


dx 


(20) (A+ 4 +p 0, 


d (xz) 
(21) (A+2n)yt+e +ph=0. 


§ 4. Surface Conditions. 


We now have to express the condition that the bounding surface is free from 
stress, that is, 


(22) r=0, r0=0, ro=0 towed). 


Using (10) in the general formulas for these stresses, we find 


Ou, du\ 
(23) rr = AA + (ry + Qu S;, 
Ou u 1 Ou dv 


1 Ou, Ou, dv vu 1 OS, 


so that equations (22) reduce to the two 


du 
‘ 2 
(26) Ay + 2p 0, 
dv vu 
9 


to be satisfied when x = 1. 


| | 
| | 
i 
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§ 5. Solution of Differential Equations. 


By eliminating successively z and y between equations (20) and (21) we obtain 
the two equations 


(28) (2 de +t 2x —i(i+l1 )) (ca + 2u)y+ (2 R =0, 


d*z dz dp 
(29) dae + a, i(i+1) 0 


The solutions of these equations are the following: 


(224+ 1 + + ple | = 2 ze) dx 


(30) 


in which, for the general solutions, each integral must be understood to involve 
an arbitrary constant. These constants are here omitted, since they are 
accounted for in the complementary solutions to be obtained presently. Modi- 
fying by integration by parts, we find 


1 d(R i d( Rai+! 
(32) 41 + ) dx + A fe ( de 


1 1 ¢ 
(33) = E | P f de |. 


These values of y and z may now be substituted in (18) and (19), giving two 


simultaneous linear differential equations for determining w and v. The solu- 
tions of these equations may conveniently be expressed as follows: 
From (18) and (19) we readily obtain the equations 


d 


i+2,, 
— + (iv—u)=a(iz—y), 


(34) 


of which the solutions are 


(36) v—-u= (em y dx, 


— >» 
: J dz dx ; 
] a ] 
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)z 


(i+1 


(37) 


These are easily solved for uw and v. 

The forms of the complementary solutions are easily seen by considering the 
constants of integration in (32), (33), (86) and (37). The values of the con- 
stants must be determined so as to satisfy (18), (19), (20) and (21). The com- 
plementary solutions are thus found to be the following: 


y= + 
= Do + D__,«*", 


x 


(38) Ae + A, '+4 A, A, ot, 


—i-— 3% 


= B, xi + + B gi-3, 


in which the twelve constants must satisfy the eight equations 
(A+ 

A,—(i+2)B,4+ D,=9, 

(A+ =9, 

(i—2)A_, 
A__,+(i-1)B__,+ D__,=9, 

A, ,—iB_,=9, 

A_,,+(i+1)B_,_,=9. 


(39) 


The complete solutions will thus involve four arbitrary constants; by as- 
signing values to these we may satisfy four equations of condition at the 
boundary. 

This solution covers the case of a spherical shell with bounding surfaces free 
from stress, or with arbitrary surface stress of a restricted type (corresponding 
to the restriction jmposed on the potential of the bodily forces), or with arbitrary 
surface displacements of a similarly restricted type. 

For the case of the complete sphere, negative powers of 2 must be rejected, 
so that the only non-vanishing coefficients in (38) are A, ,, d;, B_,, B;, C,, 
D,; these being connected by four relations included among (89). There remain 
two arbitrary constants for satisfying the surface conditions (26) and (27). 


Trans. Am. Math. Soc. 33 
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§ 6. Case in which the Potential is a Harmonic Function. 


If W is a harmonic function, each term 72, S, in its development must satisfy 


Laplace’s equation, so that 
R,= Ar' + 


Rejecting the negative power, we assume /?, or # to have the form A. 
Equations (32) and (33) then reduce to 


i d( Rz'*") 

1 d( 

(41) aor (2i ry 1 jar fe dx dx. 


The further discussion will be restricted to the case in which i = 2. 


$7. Sphere Strained by Centrifugal Force. 


If the bodily forces are the centrifugal forces due to uniform rotation about a 
fixed axis, we have 
(42) W=- 


cg 


rP, 
3a 2? 


in which ¢ denotes the ratio of equatorial centrifugal force to gravity, and P, is 
the zonal harmonic 3 cos?>@—}1. We now take 


(43) S,= —3P,=}— cos’ 9, 
_cga , 
(44) R, = R= 2a = 2 


In accordance with the notation of a former paper,* let e denote the ellipticity 
of a surface originally spherical and of radius 7, and a the angular displacement 
of a radius vector for which 0 = 45°. . With the above value of S,, we have 


(45) e=-, a= 
In writing the complete solutions of the differential equations for this case, 


we take A, and A, as arbitrary constants, expressing B,, B,, C,, D, in terms 
of them by means of (39). We thus obtain the equations 


* Transactions American Mathematical Society, vol. 11 (1910), p. 206. 
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T(A+ 2p) cqa 
(47) Sh A, | pe 


cqa 5(3A + 
=f ant lx: 
48) 
9(A+ 4) ("_, 
_ | px’ dx — ( + 8u ) pride | 
SA +7 
a= A, + A,a 
(49) 
cga 5u 3(A+ 2) 
ant lox —(é rie 
+ dz+ J pac (BA+8y) | pad | 


Substituting these values in (26) and 27), we obtain the following equations for 
determining A, and A,: 


2A,—A,+ 30u(r-+ 10(9A + 
(60) | 
+72(A+ pe'dx —4(3rA 4 Bu) pede | =0, 
8r + Tu cga 
A,+- As + 24) [ patda 
(51) 


1 1 
—24( +0) —2(38rX+ pede | =0. 


Solving, we find 


95 (272 98 y2 opt 


el 
—504(0 + pxidx +2(38A + 8u)(190 + | pri |, 


A,= 


_ ega 


Of especial interest are the surface values of e and a: 


cga 


1 1 


eqa 


l 
©) 144)| + 14(0 | pot dr 


i 

| 

52) 

(52) 
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If p is constant it is easy to show that the foregoing equations give the 
following well-known results : 
(56) e= [2(40 + — (82 + a2] 


§ 8. Laplace’s Law of Density. 


To illustrate the application of the above formulas to a case of variable density, 
assume Laplace’s law, expressed by the formula 


sin Kx sin Kx 

Kx 3(sin« Kx 


in which p,, is the mean density and p, the value of p at the center. We then 


find 


pK 
4 Yr = = 
(60) a J 3 (sin « — «cos K) 


- sin Kx 


|= — 60K? a? + 


3 (sin « — Cos K) 


120 — 20x? 2? + 
——— cos Kx |. 


If the ratio of mean density to surface density is assumed to be 2, we find 


« = 2.461, and 
1 1 
(62) pxidx = .168p , px'dx = .108p. 


These values substituted in (54) and (55) give 


e, 4454+ 3.614 


(63) e “3(19\414n) 


64 a, pga 
Comparing with the surface values of e and a for a sphere of uniform density 


Pin? 


} 
4 
6 — 2 . 
COS KX — 3237 SIN Kx], 
i 
P| 
| 
§ 
} 
f 


1910] A SPHERE OF VARIABLE DENSITY 


e 5A + 4 ga 
e 2(19%4+14n) 

a 3A +2 qa 
(66) 
+144) 
it appears that the assumption of variable density decreases e, by about 11 per 
cent and a, by about 22 per cent. 

We may also compare the values at the center, which with Laplace’s law of 
density are found to be 


6 124.4r? + 349.1Au + p ga 


while the corresponding values for uniform density p,, are 


68 2a, & 4r+3u pga 120A? + + 180u? p ga 
(68) ec 19\+14y  30(X+ 2n)(19X4 


The central values of e and « are thus slightly increased by the assumption of 
variable density. 
§ 9. Gravitating Sphere. 


The results of the above solution cannot be applied directly to a gravitating 
body of size and mass comparable with those of the earth, since the changes in 
the gravitational forces caused by the strain will be of the same order of impor- 
tance as the disturbing forces. There is no difficulty in expressing the gravita- 
tional forces in terms of the strain and the density and thus forming the differ- 
ential equations which must replace (16) and (17) above given, but the solution 
of these equations appears to involve serious analytical difficulties.* 


*In expressing the equations of interior equilibrium in terms of the strain, for the case of a 
gravitating body, it is necessary to assume that the changes of stress and strain from their initial 
values are related in the same way as if the initial condition were one of zero stress and strain. 
This assumption is the basis of the solution given for the case of a compressible sphere in the 
paper cited above, the reasoning being in this respect substantially identical with that previously 
applied to the case of incompressibility. (See A. E. H. Love, A Treatise on the Mathematical 
Theory of Elasticity, 2d ed., p. 249.) It has sometimes been assumed that this reasoning is valid 
only in the case of incompressibility. Thus Love states that if the sphere is homogeneous and 
incompressible, the initial stress may be taken to be of the nature of a hydrostatic pressure, its 
value being then easily determined, and the terms which correspond to this initial stress in the 
equations of equilibrium being found to cancel with those representing the initial body-force. 
It seems clear, however, first that even in an incompressible body the initial condition may 
involve tangential stress, and secondly that the assumption of no initial tangential stress is not 
essential to the argument. Whatever values the initial stress-components may have, the terms 
representing them in the equations of equilibrium will cancel the terms representing the initial 
body-forces. 
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If the body is assumed incompressible and of uniform density, the effect of 
gravitation can be taken account of synthetically by a method employed by 
Kelvin.* This method consists in combining the results for the two cases of a 
gravitating fluid and a non-gravitating elastic solid. It does not appear that 
similar reasoning can be applied if either of the assumptions of incompressibility 
and uniform density is dropped, since the distribution of the forces of gravita- 


tion cannot be assumed to be the same for the strained elastic solid as for the 
fluid. 


The method of applying this principle in the solutions cited above, both for the case of incom- 
pressibility and for that of compressibility, consists in comparing the forces acting upon a 
volume-element in the strained condition with those initially acting upon the same volume-ele- 
ment. It would perhaps be more reasonable to deal with an individual element of matter, using 
the increments of the stress-components acting on that element in expressing the stress-strain 
relations by the usual formulas. The increment of stress for an individual element would be in 
equilibrium with the increment of body-force acting upon that element, which would consist in 
part of the change in the gravitational force due to the displacement of the attracted element. 
This would introduce additional terms into the equations of equilibrium, but would add no 
difficulty to their solution. 

* THOMSON and TAIT’s Natural Philosophy, § 840, Ed. of 1890. 
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